Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 16
Electron Gas in Hartree Fock and Random

Phase Approximations
First,

a short revisit to Hartree Fock Formalism,
but from a different route....
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We shall supplement and complement that discussion to
equip ourselves to build the machinery to see
how the methods of 2" quantization developed in Unit 2

can be extended to address the electron ‘COULOMB’

correlations that are left out of the HF method....
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HF SCF Method: STIAP Unit 4 L21

H = |_|1 4+ H2 Reference->http://www.nptel.ac.in/downloads/115106057/
RN f 1oh Many-Electron
B |Z=1: @)+ Z Z V(qi’qi) Hamiltonian
_1#1_1 In the notation of
J FIRST

f(qi){—lvf—é]
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QUANTIZATION
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Many-Electron Hamiltonian

In the notation of

SECOND QUANTIZATION
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The|order} does not matter for Bosons; for Fermions, it does matter.

For elec‘crons, 7.(&) is either  «
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spin —orbital
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Linear combination of creation & destruction operators

Field operators . aion) | V@ =2 vi(9)
defintion> —yy Que™ 7@ =2 v ()]

w,(q): single particle wavefunctions i.e. spin-orbitals

c,c’: 2" quantization destruction & creation operators

: 1 1
| = k,, or |_ A g, m withm, =+— or ——
Free electron Hydrogenlc Potentlal 2 2

Spin-orbitals> v, (q)=yw,(F) z (<) adjoint spin—orbitals

where zi(e“){ﬂ o % (:>=H i) =y 2(C)

Ll %" (&)=[1 O] orx"(&)=[0 1]
1 1 1 1
for — mg=+-o0r m =-=|for m =+=or m =-=
-2 2 2 2
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H (N)(D(N) — E(N)(D(N) & N-electron Schrodinger equation

(D(N)nl,nz DNy (ql’qZ’ ’qN) (I)(I\l)al,az,..,a,\l (ql’qZ""qN)
Ordered set: @, <@, <..<@ <..<@q; <..<3,

Slater determinantal
wavefunction v, (a,) . . W (ay)
1 .
oM™ 0y Oy ) = —F—
9 PO W (ql 0, OUn ) \/ﬁ y Wai (qj)
va, () v (Oy)

* Orthonormal complete set of
j l//' (q)l//j (q) ax = 5 one-electron spin-orbitals

ZW (q) = 5(q—q)=5(r—r) -

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 6



Inclusion of spin: multi-component spin-orbitals
In general, for spin= | : a=12,....(2)+1)

J - Integer for Bosons, half-integer for Fermions

v, ... (q) | Field Operator
Multi-component v, . (0) v (q) = Z v, (q)cC
spin-orbital _ :
wavefunction (9)=| Vias(a) ; ;
(2j+1) number of v, (9) %(Q):Z Via (q)Ci
components o |
Wia2j (0) | 0 =1,2,3,....., (2 +1)

D)7, () [5=0,0(a-0) | [17, (@), (a)], =0
Fermi—-> + Bose—> - . |
. Field operators | )
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_ 1 N Wiwa(a)
Field Operator @=12,3,....,(2]+1) P W'(q){wiaz(q)}

7.@=% v, (@), | (%t L =00 | 1
T | ’ T _Crlo"lf’crzgz ’:| N i
Wa(q):Z Wia (q)C, - : a=2->m :_E
: :| -0 F> + s 2

| “nroy ' Yo, |y B->

Hamiltonian in terms of single particle creation and destruction operators

H=3 % <lilfli)e Y Y > 3 dlej{iiMiag

[zﬁa(q),%(q'ﬂi=5aﬁ5(q‘q') [,(a).7,

[ (a).57; ()], =0

| Hamiltonian in terms of field operators

= | Wq)f(q)ﬁ(q)dm% | [ v (@y'@)v(a,a)(a)w(g)dadg

_ _ Note: 1Order?
That TthisT form is correct can be
PCD STITACS Unit 3 Electron Gas in HF & RPA
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H= | Wq)f(q)ﬁ(q)dq% [ | v"(@y'@)v(a,q)(a)y(g)dadg

v(@=2 vi(a)c v (@)=2 v (a)c!

UUDEE (ijMliik)

Raimes, Many Electron Theory / EqQ.2.117 / p.42
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Complete expressions for the Hamiltonian, inclusive of spin labels

H= | v}i(q)f(q)zﬁﬁ(q)dq% [ [ vl (av(a,a),(a)y,(a)dgdg’

v @)= v, (a)c, vh@) =2 > v (a)c]
a i B J

(i fliB)e,+= lia, |BVI5, ky)

Raimes / p.42 / Eq.2.117 - inclusive of spin labels
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We recognize that ¢ and (:i’r are Hermitian conjugates.
These operators were introduced as destruction & creation operators.

Proof : Let ©, = q)N+l(, N P ) all other occupation numbers in
rOO | q)b :(I)N (””’Oi’ ------ ) CI)a:c:[)l\H—l 8L(Db:(1)l\I belng Same

cd, =P, and I O cP dr=1 <Number of occupied states
destruction operator preceding the it" state: even

let ¢ = Hermitian conjugate of ¢
I

we must show that: ¢ =¢'  creation

c; :destruction by operator
operator definition

* o H * * *
1:'[ q)bCi(I)adTHerEtianj (CI (Db) (DadT = (J‘ (Da Ci (Dbdz-) :1
\ , J conjugate ‘ ,

|

CiH :CiT normalization integral

i.e.c. and ¢ are Hermitian conjugates

normalization integral
. H _
LoD, =D,
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iree-FOCK H™ (g, ;... dy) =Z(_%Vi2 ‘%L Zr1
r r _ = [ i<j=1Tjj
\;\naetho 4 & the free\ o
N-eleC N .
ctron 9as q ) B A
\e:\\:mesICh \—\am\\ton\a 21: f(77) +2 12 Z;, !

H™(q,,0,,...0y) = Zf(r)+— Z Zv(

—1|¢J j=1

add and subtract

SRCERED R0} +ZF(r)+—_Z >v(r ) ZF(r)

I — g ")
. | Ll .
Modified one-electron operator Modlfled Interaction

F ="
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H(0, 000 = D F(E) + 2R3 3 S uER)- Y F ()

—ll;tj j=1 =
\ ' J\ ' ]
Modified one- Modified, residual,
_lv_z Z_ () | electron Int_eraC]E|o|n btetween
2 " " operator would P&'s O €1€CONS.
¥ ZN: f(F) = f contain F
3 much/most of  ~icierm would be

the effect of the
two-electron
terms.

H(N)(ql’qZ""qN): f +F+H,-F

weak, and would be
treated perturbatively.

Choice of the operator F Is to be so made
that the total energy Is minimised.
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H™(q,,0,,..,0y) = Zf(ﬁ) +Z|:(Fi)+i 2 Zv(ﬁ,ﬁ-)—ZF(ﬁ)

i = 2 i=li#j j= i
_lviz_ézf(ﬁ) \ Li=) J=1 I
2 r \ J \
i | Modified interaction
Modified one-electron operator
t
i@ .o . v (N) When the
oL . N .
W]_i,() N Wu( ) term |S
oM __ L - (1) =vyi(q))
JN1 vy, @ - - . vy, (N) neglected,
2 2
v, @) . vy, (N) ldeterminant
2 2
[£(1)+F(O)]w, (N =&, () s the
with — y, (F) =, (F) or w,,(F) unperturbed
& : doubly degenerate, with one ground state
eigenfunction each for spin T & wavefunction.
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H(0,000) = D) +2FE+ Y SvEF) - F)

—1|¢J j=1
Lo Zotm L J \ l
2 d | |
Modified one-electron operator Modified interaction
778N () B . v, (N)
vud o i ) @) v (N) [ f(r)+ F(F)]Wia(r) =&y, (F)
R T B ¢ DA A . : o . .
© _«/m‘//N a . . ) l//N (N) with v, (F) =y, (F) or . (F)
'//M(l) o 3 WM(N) g, . doubly degenerate, with one
’ eigenfunction each for spin T & |
. anation of the
RedesigN® ™ efunctions
(1) . (N)
s YirWo Wases Wy Wy . w, (1) . w,(N)
which constitute the oV =i Sh=wi)
ents of the Slater W) wy1(N)
elem Cant v, (1) Wy (N)
determ 15
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w, (1) (N) [[H™(q,,...q,)
. v,(1) . . w,(N) i Z
oM = — =) [ F2TE) + 2 R ()
ﬁr,//N_l(l) - Wna(N) '1:1 o N
vy (1) N ||+ > O3V, F)-D F(
i=li=j j=1 i=1

[ f(r)+F (F)]l//ia(r) =&y, (F)

& - doubly degenerate, with one eigenfunction each for spin T &4

g;: Lowest N/2 eigenvalues

Wave functions of the EXCITED unperturbed states are
also Nth order determinants, made up eigenfunctions of

but with

[one or more &, > &, ,2]

[ f(r)+ F(F)]Wia (r) =&y, (r)
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H(0,000) = D) +2FE+ Y SvEF) - F)

—ll;tj j=1

v Zoim L )\ ;
2 I ' '
Modified one- Modified, residual,
H, = ZN: F(F) = f electron operator int_eraction between
i1 would contain pairs of electrons.
NG much/most of the ( This term would be
= Z_ll F(r) effect of the two- | weak, and would be

electron terms. treated perturbatively.
Choice of the operator F Is to be made

such that the total energy Is minimised.

It turns out,

as will be shown presently, N
that this happens when: {(qIF| p) Z[ (iglvlip) - qI|V||p>}
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H™ (q,,0,,...0y) = Zf(r) +ZF(r)+— Z Zv( )—ZF(ﬁ)

1 7 —1|¢J j=1
—VE == f(F)
2 Choice of the operator F Is to be so made
that the total energy Is minimised.
It turns out coulom® exohaﬂge

that this happens when: (g|F| p) Z[ |q|v||p q||v||p>]

Remember the two centre COULOMB & EXCHANGE Integrals:
(ijIVIKI) = [ dg, [ oy (a)w] (a,) V(e & )wi (6w (@)

(ialvlip) = [ dg | Ay (@ Do (@)v (%, 8 )y () (%)

l same

(qilVlip) = [ da, | dqzV/V SCRTACHIACY
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Let the ground state

unperturbed wave function

described above be:

Let an excited state wave

function, in which only a
single electron from the

above state is excited, be: P,

In the ordered set of the

N
oM =

JN!

ny _ L

JINI

single particle states: p<N & g> N

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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H™ (0, 0,0y ) = Z(——VZ——} > =

r. I<j—1r
—Zho(Q)+— Z Z— =H,+H,
Same Slater i= —ll;tj R
determinant
v\
(@™ ] |‘@|CD(N)> Z(Of | fla)= Z(ll f |
(@[ H ) == > [Gi vy~ V] )
@O H ™) = (] f i+
TN
+ EZZR” [V = ij|v] ji)]
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. 1 &N L N -
H™ (4, a,,--,9y) = Zf(r) +leF(r 5_12 Z;V(' r,)—_Z_ljF(.)
H soproc (G, G -1 Gy {Z f(R) +ZF(ﬁ) = f+ F} Note the NOTATION!
v, . . . wi(N) v, wi(N)
w_ Lo vy 1 P )
cpg>_ﬁy/p(1) v e (@) =08 cDéLWWq(l) N A ()
@ . wy(N) vy@ - o wy(N)

Using same techniques discussed in STIAP Unit 4 L21
Reference—> http://www.nptel.ac.in/downloads/115106057/
we can find

(@[ H 0 (0,0, Gy )| @E) = (D] £+ F| DY) =

approx

slide 14: [ f(F)+ F(F)|w. (F)=cw, (F) =
ie. [f(F)+F(F)] isdiagonal in {y, (F)}  (®V]f+F|®f")=0

21
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H oproc (G G- Gy ) = Zf(r) +ZF(r)— f +F <« operators in

SINGLE COORDINATES

l/jl(l) e e l//l(N) l/jl(l) l/jl(N)
oM _p L l//--(l) . l//u(l) oM = 1 l//u(l) Wu(l)

- o \/ﬁ 0 e en s D q \/m q q
wy@) . . .y (N) vy (@) vy (N)

- )

N N N N N
<cI)g )‘ngp)mx(ql,qz,..,qN)‘CI)(p )>:<CD§ )‘ f+ F‘CD(p )>:O
L f + F . diagonal with respect to one-electron functions and q = p y

But, H™(q,,0,,...0y) = Hioo (0, 0y ,qN)+— Z Zv(., F)- ZF(r)

of which the first term gives <CD§N)‘H<N)

| =Li#] j=1

approx

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

o) =@M | f +F|0f") =0
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N

H®™ (0, 000 Uy ) = Hioro (G, - qN)+— Z Zv( )— > F(F)

—1|¢J j=1 i=1
o) -0 \/
Hence, if we choose F such that Matrix

(N) (N) o) elements of the
(5" [F|@g?) = (@, ZZV( r)|@5")  above two

H(N)

approx

of which the first term gives (@

2155 terms would
then we shall get (®"|H" |®") =0 cancel; equal &
opposite

THUS, choose F such that

signs...

(@0 |Flof)=(of0]; 3% Svte >H
< o . in order to get

=>"[(ialvlip)—{qilvlip) |

= (@ |H" @iV} =0

=z
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Having shown now that the choice F which gives

(@ lFlor)-tor3 3 Svenjor)

—1|¢J j=1

N gIves us:
_Z[ |q|v||p q||V|Ip>] [<®gN)‘HN‘(D(pN)>:OJ

we now show that the above choice of F

concurrently gives the best single determinantal

ground state wave function according to the variation

principle (Hartree-Fock SCF approximation)

NOTE: (d(™|F|d() = j d*fy, (F)F (P, (F)
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correct ground

Let us ask: If "' =™ were not the _
state wavefunction ,

could any other wave function be the ground state?

The most general form in which just one of the
constituent spin orbital is different would be

W = [CDEN) +5(D2N)],

apart from an overall normalization.....

For this wavefunction, the energy functional is:
<cDgN> + DN H | +chgN>>
(@ + 20 | D + DM )

E(e)=

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 25



dM + @M |H| DN +,sc1>gN>>
(D + 0™ [ DM + 2DV

E(5)=<

(DIHIOE )+ 5@ HIDY ) o 0F HIDLD) o7 (00 H |

(@ [DM)+£(@f D)+ (D [ D)+ 7 (0 |DIM)

V

ort Ogona\
<cpgN>\H\cpgN>>+g{<q>gN>|H|q>gN>>+<q>gN>|H|q>gN>>}+gz (DMHID)
} (@ [DM)+ &% (DM | M)

) <(DE)N)‘H‘(DE)N)>—|—8{<CDE)N)|H|®2N)>+<®2N)|H|(DS)N)>}_|_82 <(DgN)“_”(DgN)>

1+ &2
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E(e)=
(D HIDLD) ¢ o (000 M) 4 (0 M1} + o2 (040 HI DD

1+ &°

differentiating with respect to &

d
EE(E)_

d[<(1)§“” HID0 )+ 2 ({0 [HIDM) + (@ [HI 00} + 22 (@ H (V)|

_d¢
{ 1+ &° ‘>

(@O IHID )42 (0 IO )+ (00 I+ 57 (@0 M0 )| 2 (1+67)”
&
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d

o E(e)=
[{<CDEN) HIDM )+ (DM H |CD§N)>} +2¢(0M[H |<D§N)>}
i 1+&°
+[<(DEN) H |CDEN)>+5{<(D§N) HIDM) + (DM H ICDgN)>} +&* (O |H |(D2N)>J;_g(1+gz)l

9 (1e?) = 1(1se?) P x2e= 28— 2
de (1+£2) (1+2&% + &%)

which goes to zeroas £ — 0

g _Lormon) oo
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[ ; E(g)} (@ HIOM )+ (@ [HI M)}

de -0 1 - N
. L v 1
But we had seen that the choice F which gives OF) = \Wl 5o
—pN)
(@efo)~(o [} 3 Swenpior) L
=Li#] j=

N gave us:
—Z[ (iglviip)—({ailVlip) | (@0 1Y | 02) =0

— {i E (5)} _og Weget the best single

de —0 determinantal ground state

wave function according to

E (g): extremum ... minimum o o
the variation principle
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Thus, the choice F which gives

(| F|Df") = <c1><N>\— ZV(.’J)\CD(N)>

—lI;tj j=1

gives us:
= iZ_;Riq v ip>—<qi v ipﬂ [<(Dg|\|) ‘ HN ‘CDEN)> _ O}

and it gives the best single determinantal ground

state wave function according to the variation

principle
since ¢ — 0 MINIMISES the variational energy functional:

<c1>gN> + N |H|oM +gq>gN>>

(0 + e | DNV + 20V
Questions: pcd@physics.iitm.ac.ic Hartree-Fock approxim ation.
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 17
Electron Gas In Hartree Fock and Random

Phase Approximations

HF SCF for Free Electron Gas
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HO(@,6,08,)= D 10) + 2 F@) +5 3 DV~ 2 F()

j j=1 i=1

H oproc (G Gz -1 Gy ) =Z f(r) +ZF(ri) _fuF
i=1 i=1

. N n@ (N
v, .. .. .. w(N e e .
1
e e . O =——_lyND) .. .. .. w Q)
;1 N Nl@ !
-
T NOTE 7l vt
vy@ .. . . wy

" - ... Variation considered is in
The variational function we just orbital

considered is: i = |:(DE)N) +5(D2N)] All other orbitals FROZEN

Hartree Fock: FROZEN ORBITAL APPROXIMATION
Spin / statistical / Fermi correlations included
Coulomb correlations ignored =~ STIAP Unit4 121

Reference—>

SCF Self ConSIStent fleld http://www.nptel.ac.in/downloads/115106057/

32
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t Field Equation.

Recall
Harire€ Fock Self Consisten
Spec'\a\ISe\ect Topic In AtomicC PhysicS
gTiAP Unit 4
Reference—?
htt :/lwww.n@te\.ac.'mldown\oadsl 115106057
Spec\ﬂca\\y, the HF SCF equation @5 it appears
R on ".\'\de number 104
t(r)u (E) +
I av U(ra) (e
’ (rou;(r2) - ~ -
( Ju;(r2) 5(m3i,msj)ui(r2)uj(;l))

|

r.12

PCD STiT i
ACS Unit 3 Electron Gas in HF &
RPA

-z u (E)
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f(ra)u; () +

Z{ j dv, u ,-r(rz) (ui (rou; (r2) =s(m, ,m, )u;(rz)u, (Fl))}

12

Change of I & Ze’ ) & e’
(N) _ g _= _
notation slightly: H (q“qz’"’QN)_;£ 2mv' L) iSgal
N 1 & & e?
=2 f0+5 2 2 =Hi+H,
i=1 2 i=Li=j j=1 ru

h2 Ze2 Notation changed only to bring it closer

2 —_—
——V W, (r) + to that in Raimes: ‘Many Electron
2m r Theory’ (1972; North Holland)

i=1 |F—r

Z{ [ av el )e| (v D (F) =5 (m, ,m () (1)

PCD STIiTACS Unit 3 Electron Gas in HF & RPA — gp l//p ( r ) 34



(_h_vz _Zijwp(r) +z{ [ av i (ACAGELGRUSTAGAG)

2m F -7

= &, v, (1)

v in the e bra

\Writing the & coulomb
& Ze w, Wi (EW (S, (E)e?
(_2_v __j‘”p(é) ZD v [ }

over discrete spin

ludes sum .
Inc variable

: oW, Em@)e
-2.8m,m)| [(4V Fr]

= &V (5)

exchang®
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Non-ferromagnetic systems: equal number of T & \L

&, . doubly degenerate; one eigenfunction each for spin T &

Ground state Slater determinant contains the set of
one-electron orbitals:

VisWor Vg W SV Vo Vo VW oW |
2 2

36
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L2 e B o LEME 203 |

2m [

AU AL
(|r_rlz|__-‘) = & l//p(éj)

—Zé(ms, . J'd“v

Carrying out the discrete sum over the spin variables:

n’ -
[—%V ——]wp(r)ﬂZD dv 2 (Tq)z/'r(T ) lwp(r)

I% -
Z|:J‘ dv" Vi (r)Wp(r )e :L (r)l = ¢, l//p( )

= F—r

Hartree-Fock one electron Self consistent field equation.
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2m

j:{j v

[_h_v _Zi]'ﬂ (r)+22{“ dv ¥ (T)l/jl(r e’ } Wp(F)

T

v () .
Jr=r 7|70 = ay
e2
T =v(r,r') — Coulomb interaction
F—r

RO R GIRASIAC
| c;ou\Omb |

—Zw.m[j AV 'y () (FVEE) | = &, v, ()

Raimes / Many Electron Theory
/ EQ.3.23; page 53

exchang

PCD STITACS Unit 3 Electron Gas in HF & RPA
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mat“: H=H,+H
Many-Electron
=>» f(g)+—= v(9;,9;) Hamiltonian
Z le JZ_;L In the notation of
1_, Z 17 | FIRST
f(a) = VT QUANTIZATION

THEN
H = ZZ ¢/ (i f|j)yc, += Z Z ZZCCHJIVIKI \

Many-Electron Hamiltonian
In the notation of
SECOND QUANTIZATION

(ijIVIKI) = [ da, [y (a)w] (a,) V(e & )wi (6w (@)

\\ PCD STIiTACS Unit 3 Electron Gas in HF & RPA /{9




H-3 Y /1] i), 433 X cfc}(ijlvlkl)c,ck} 10

Hence, IF
HM(,, 0,0y ) = Zf(r) +ZF(r)+—_Z ZV( F,)—ZF(ﬁ) 1Q
THEN

H:Z Z ¢ (i|f +F|j)c
+= Z > ZZCCT (ijIvlikl)c ZZ ¢/ (ilFlj)

Raime /M any Elec t n Theory / EQq.3.27; page 55
PCD STIiTACS Unit 3 Electron Gas in HF & RPA 40
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nO e B (f 1 F) g () = 4, (a)

T UNI Vo) e v (D) Eigenfunctions of the
AU single particle operator

@ .o WN(N) <‘(f )‘ > <‘ >
1I(f+F 1| ])=¢&.0.
H = Zf(q)+ Z Z v(g,.0;) : e
1I=1 j—l
I;tj

HO(0, 0 00) = D)+ FE+5 Y Sv(Ef) - F0)

—1I¢j j=1

From slide # 24, U3L17.

(@ W) = (@ p Fi[(iqlvlip)—(qilvlip)]
R \'—

PCD STiTACS Unit 3 Electron Gas in HF & RPA 41
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(@ \ >=i[<iQIvlip>—<qi|V“p>]
<<Dg“>\F\d>;“>>:i [[da d“s wi(&wy (&)V(EL)w (&), (S)

- i [[d% d%, v, (EW (E)V(E )W (E)v, ()

(0| F|a) Z Jd'ew, (&) [Jd'a (&) vEEg)] v, (&)

—Z [d'ew, (&) | [d'ar (&) vng) v, (&)] wi(&)

Interchanging e:l — &, In the second (exchange) term:

(@

- Zl: [d*aw (& Ud“éwi & V(ﬁ,ﬂ)wp(fl)]wi(fig

PCD STIiTACS Unit 3 Electron Gas in HF & RPA



(@

- Z [dizp, (& Ud“eiwi 3 v(ﬁ,@)wp(fl):wi(fz)

(|:..d4§1‘lyi (51)‘2 ( 11 )Wp (52 )_

[Jetsy G v, )]

“l ,\,l

(@0[Flof) =3 ‘e, (&)

(|:..d4§1‘wi (51)‘2V(1’E)Wp(§2)}
- g :jd4§1‘/i*(§1)v(rl’ FZ)WD (&)wi (& )1

[[a (@ v(mn)w, (&)]
BRI A TAAACIAC])

Raimes / Many Electron Theory / Eq.3.19; page 52
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Il
Mz
N
~
~

— pr (fz)

N .‘-d49519”i*(§1)v(r1’r2)wp (&)vi (952)1

—

Fy, (&)= jd“é\w. Y RIAATAEY

_iZ:l: jd4§1Wi (é:l)v(ﬁ’ F2)‘)”|o (51)‘/4 (652)

carrying out the summation over the discrete spin variable:

Fy, (F,) 22 [ |y (B)] V(5. 5w, (1)

—Z [d°my (B)v(E.5)w, ()i (7,)

PCD STIiTACS Unit 3 Electron Gas in HF & RPA



carrying out the summation over the discrete spin variable:

— & . S r—>r
Py, (2>, [y () V(T 6w, (1) 1
=1 — F
€& |2 )

* N2

F—r

} w,(r)

3 [ v O o

HF-SCF Eq.

L 2 ] 1+ )= )

2m

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

Raimes / Many Electron Theory / Eq.3.23; page 53 45



Recall, from Special/Select Topics in Atomic Physics,
STIAP: Unit 4, Lecture 23, Slide 111

Hartree-Fock Self-Consistent Field formalism
Reference> http://www.nptel.ac.in/downloads/115106057

E(N) =™ [H |y™)

1 N N
Z & = 5 2 2 LIV =[] D] rames ases
i= j=1 i=1

slide 14: [ £ (7)+ F(F) ]y, (F) = &, ()
ie. [f(F)+F(r)] is diagonal in {y;_ (F)}

= (i|f +F|i)=¢ =(i|f]i)+(i|F[i)
E(N)= Y [G[F[i)+GilFIi)] - %ZZ G Vil — i [ v] ji)]

Raimes, Eq.3.36
PCD STIiTACS Unit 3 Electron Gas in HF & RPA 46
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E(N) = ﬁl: |G F[)+GIFLTD | —[—ZZ[(I”V“]) (Ij|V|jI>]}

Eii[<ij|v|ij>—<ij|v|ji>]H—E(N)+ 2 [<i|f|i>+<i|F|i>]}
Also,
(@™ | H |d™) = E(N) = Z<||f|l>+[%izl\|:[<lj|V|U> <|J|V|J|>]}
N =1 i<l
E(N) = Z<||f||>£ E(N)+ Z L] F]i+ IR ]}

e(N) =L {z<u|fln>+2 RUMDERUGIDY ]}:%{:Zf”f“”g‘g‘}

Raimes, Many Electron Theory Eq.3.38 / page 56
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Hartree Fock Self Consistent Field for the Free Electron Gas

For FEG, the HF-SCF can be obtained ANALYTICALLY

 FEG - only many-electron system for which
HF-SCF can be obtained ANALYTICALLY

free’ He(ve(re(ve(+ | What
e o 0 o about the
. — e+t el+/ e+ @(+)
In V=0 15 5 ¢ ¢ effect of
e+ e(x)e(+) e+ the
No interaction | ¢ e e o o positive
. (+ @+ @+ @+ @ (+) .
Wlth any A _y o M M nuclel?

external field oy gas of electrons which
iInteract only with each other.
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DeEeEe@e®
De@De@De@e®
DeDe@De@e®
DeEeGe@e®

discrete positive charges in the
nuclei considered smeared out,
like jelly beans into a jellium.

Whole system: electrically neutral. "

CS Unit 3 Electron Gas in HF & RPA 49


//upload.wikimedia.org/wikipedia/commons/d/d0/Strawberry_jam_on_a_dish.JPG
http://mobile-cuisine.com/wp-content/uploads/2012/07/jellybeans.jpg

N electrons in a cubical box.
Each side has length = L

Volume of the box = V = L°

Box normalization
with Born von Karmann
boundary conditions

How many wavelengths
fit in the box?

~ 2 . A A g . 1 iket N
K :T(nxex_l_nyey_l_nzez) WRc(r) - € Ko (C")

Je

orbital part spin part
\_ P pmnp

)

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 50




ZA

Free
electron’s
wave vector

k

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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PCD STIiTACS Unit 3 Electron Gas in HF & RPA

X dQ e_
A k
Z

Construct a grid of points labeled
by integers spaced at uniform

distances along the X, Y, Z axes.

52



states with different n_.n_.n

x1 'y tiz

(nZ+n+n?)=n® are degenerate

ermi SPT —
\i,O\Nes’t OCicmp\e\?me VA
c ele fron P
f\f,\’ea\’e ctates v 3-dimensional orthogonal

space of independent

integers N, , N, ,1,.
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otent\a\ Vo o W -

2 ) d‘vl W (r '\ V(Fy IT:l) W (r)
_electron > [ ] ). p

Jectron-electol, & —

ectrol _ﬁ‘”‘ O RAGAGY (A

exchaﬂge )

‘\ﬂterac"-“on = &, Wp(r)
hZ
2m

Y% - )
ARG ERACACY A EEA

54
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2 R Vs . = - v
_h—vzwp(r){Zw.(r)U dv 'y (r')wp(r')V(F’F')j: 2, ()

2m i—1

Recall, from Special/Select Topics in Atomic Physics,
STIAP Unit 4, Lecture 23, Slide 118 HF SCF formalism
Reference> http://www.nptel.ac.in/downloads/115106057

V() v, (0) = v (@) { [ aq 32,0 )}

F—F

[ZN: Viexchange (q)} Yo (9) :@ W, (Q) Ii‘l dg’ Vi (|? )_lﬂl_;pl|(q ) :|
> (mg 1EC m®

VI )y, (a) =@ AR AGIAG(AS]

55
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2 Yoo —~ - v
G, O-SwB[] v @, O] - 2, v, )

Vexchange(q)wp(q) Z wl(r)[J‘ d°r W. (r )Wp(r )V(r r ):|

hz exchange r
_%v 2y, (1) =V "™ (q)y (0) = &, ‘/jp(r)

i.c. [ ;’:nv vex““a”ge(q)}wp(Q)— £p Wp()

h* r
|:_%V + |:exchange (q):|wp (q) - gp Wp (r)

|:exchange (q) = -V ehange (q)

Raimes, Many Electron Theory Eq.3.44 / page 58
PCD STIiTACS Unit 3 Electron Gas in HF & RPA 56



—j—zv v, (1) - Zw.(r)[j ARGV ASIEENAT

Note sign

_;l_zvzwk(r)[ IK rzz//;i(E)WE(E)V(EE){%-@}] (k) v ()

m
Exchange Term () = 1 eiE-f ( )
Slide 57 Vic\') = %o (G

/ Note D“’- ] ] \ orbital part  spin part

2l
s g {W = ET,S57

-~
\S

PCD STiTACS Unit 3 Electron Gas in HF & RPA S7



__mvz%(g)[_z I dBEWE.(E)WE(E)V(ﬁ,E)WE-(E)]}: )y (1)

=X |[ o — ET,S57

e 3.,
_sz '[ : 2 1 eiR’-ﬁ}\

L L
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e e e 1
= dBI—,; { eIkorl}
4 _j o e
- Y o D
z (K=K )-(1, 1)
e - _
_FZ J d I r ‘//g(rl)
N <L 2 Y
B B I
2 i(K—K")oF,
€ “i(K=K)er, 3. € i "
_FZ € j d-r, Wﬁ(rl)
k' I,
\_ \—_'_—r Y,
2

€ —i(K=K")F 4 (& _.
_f; € ¢(r1)'7”|2(r1)
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. _»__.' ol . _’__’I ol h v hani fEl i
¢(_>) j 43 ai(k—K)-r A ailk-K)-q &e}giﬁfs&;ﬁgyﬁgmEe::tpr;SZ .
) r = , Eq.7.
1 , ©

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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——vzwg(ﬁ)[—z | dBsz;.(@)wg(@)v(ﬁ,@)wg.(ﬁ)} e(k) v (n)

— = ¢ y. () Hartree-Fock Eq

Note sign for
&
2 i Free Electron Gas
2 — L B . .
_%V v (n)+e; le(rl)— g(k) gyk( ) Noe sign
K.E. J
n°k* - Arre’ 1
——t&; = ¢(k)  where Ep =———3 —
2m L K-k

Raimes / Wave Mechanics of Electrons in Metals / Eq.7.41, page 171

Next: calculation of EE

Questions: pcd@physics.iitm.ac.ic
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 18
Electron Gas in Hartree Fock and Random

Phase Approximations

Electron-Electron Exchange Energy

PCD STITACS Unit 3 Electron Gas in HF & RPA 63



Hartree-Fock Eq for Free Electron Gas

2m
\
O 3
'9\.\0 \\S\O
{\Q\ (((\ . 6\‘6(2) ? ((\e
P R e
\\ 92 \\@
@ Q@ A\
- 2
2m 4re 1
where &: =—
k L3 - — - 2
k' |k =Kk

Raimes / Wave Mechanics of Electrons in Metals / Eq.7.41,
page 171

Determination of €R»

<E -
“hange Tomm, electron gas in
__ jellium potential

EK T Eexchange o EHF

PCD STITACS Unit 3 Electron Gas in HF & RPA correlation 64



N electrons in a cubical box.
Each side has length = L

Volume of the box = V = L°

Box normalization
with Born von Karmann

A =L boundary conditions
27T 27N
n—=»L, k =—-2> How many wavelengths
K, L fit in the box?
lz 27T
~ (& +n,8, + e, ) )| In the k-space

3
'volume' of each state = (ZTEJ

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 65



. < 4re’ 3 2 Inthe k-space s
‘ U < lk—K| ‘volume' of each state = (—j
-7
surt | 1 . -
UM oy Z —> ” d°k ' : Integration in k space
over all (77
states L
Integration
glz — — J:‘:[ 3k 2 Up to the
K-k Fermi level

3 (2”)
J-k ij- Izz k'2 dk'sin8d&d ¢
6=0

—k*)+(k —k")

PCD STIiTACS Unit 3 Electron Gas in HF & RPA Raimes / Wave Mechanics of Electrons in Metals / Eq.7.42next, page 171~ 66




e - n k'2 dk 'sin &d@d
b T .[k k.[eojz Sl.rzk_kéﬂ

Raimes / Wave Mechanics of Electrons in Metals / Eq.7.42next, page 171

ﬁ:hl?: p2:h2k2 dk_dp
2 pdp = #22kdk = pdp = #’kdk h
(p jdp sin0ddd o
P'=Pg 27 h h
&K 272- 6=0 J p=0 1Y, . .
( )( )(h)(p—p)
. p'=pe p'zdp sm@d@dq)
‘ 2h7z 0=0 (p-p')
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«e““

& p'=PE p dp sm&d@dq)
Ep =
2h7z 0=0 (p-p')
integrating over o ,
p'=Pr p' dp sm6’d6’
b = Y (Zﬂ)j .[9 o
(P-p)
;. p'= pFI dp singdé
6=0 1y? +p —2pp'cosé

cos@=u; i.e. —sinddd=du
5 P'=Pe J‘,U +1 dp dlLl
= p T p —2pp H o o




K\Q“g

o P=pg pu=tl dp'd/l
& = I:—l _ 20D’
p*+p“—2pp'u
2 '= =+
gE:_e_ P=Pe plzdp' p=+1 : (21/1
h Jp=0 “=1 P+ pt-2ppTu

nggﬁf‘"“ 02 dp’ L [ p>+p?=2pp'ul
“ hm de=0 (@pr') pu=-1

ez —p, | | 1 ' : +1
gk’:% pIO'zoIO pde %|n[p2+p2_2pp ’u:l—l

PCD STIiTACS Unit 3 Electron Gas in HF & RPA



<&

o“ge
zii P'=PE 2d In[ n _2 :I u=+1
5 =—],, PP —pp p*+p" -2pp'u],
_i 0= In(p2+p'2—2pp')_|n(p2+p'2+2pp')
" hx p=0p { 7\2pp 7\2pp'
7 7
62 =Pr J '
““~onx pp-opp In(p®+p?-2pp')—In(p*+p*+2pp’) |
7

62 p'= pr

= dp' | In —In
e = gumdos P LIN(p=pY =In(pp) ]
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©
<et
o
)
&

-~ < p':p|:£I : B ,2_ N\ 2
aievanl M pdp [In(p p') In(p+p)]
2 . . _ 12
gE:e_ pl_pFEdp' In|2 pl
2hr<P=0 P+p
e® (r=pe P' 4. |P—P]
== ("™ P o' 2n
“ ?hﬂ»‘-p'o D pé p+p]
o= & [P g PP
© hrple p+p]|

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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& 2 '
L p-p]
gﬁ_hﬂpjpzo | (|p_|_ p'|jdp p S pf
eZ P=Pr : : P=Pr |, | |
gﬁ:ﬁp{jp'o p In|p—p|dp—jp|:O p In|p+p|dp}
2 2 2
[xIn(x+aydx="—2 in(x+a) - X~
_ e pr-p* . (p+p) p-pf . (p'—p)z}pf
gﬁ_hﬂp{ 5 In|p—p]| 1 5 In|p+p|+ y 0
B P'=Ps
L _ & | p?=p [p-p] (p+p)  (p-p)
“ hzp| 2 p+p] 4 4,
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p?-p®  [p=p1_(p+p)  (p—p)

[p+p] 4 4

pfz_pz In P—P; _(pf+p)2+(pf_p)2
2 P+ p; 4 4
( +_2 p| pz_ 2
P

p2-p> |p=p| (Pi+p) (Pi—p)

hzp| 2 p+ P 4 4

PCD STIiTACS Unit 3 Electron Gas in HF & RPA




- Tt S L 1 O (T p) _(P—p)
© hmp| 2 PPl 4 4
e = e _pfz_pz In P~ Pr —pv p_
< hzp| 2 p+p,|
L e’(=pip)| pf-p’ PP +1_
“ hmp | 2pp PRy
Exchange Term _eZ ) 2 — 2 + ]
&g = i 1+ i P In L :gexchange(ﬁ)
hr i 2P p P—=P¢| |

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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2

£(B) = 2+ e () _ _
2m 2 2 2
. €D P —P P+ Py
&- gexchange(p): 1+ In
hr i 2D p P— Py |
2 @2 i 2 12 n |
e(p)=P EPrlg, P TP 1P P
2m  hrw i 2D p P— Py |
2 eZ
let p=— = &(p)= P__ 1+'0 iy |1+'0|
2m (7 | -
define:
PP ek { p -1 |1+p|}
g(p)="—- 1+ Pl |1+p
2m 7z 1-p| ||F(p)=1+ 25 In b

PCD STIiTACS Unit 3 Electron Gas

in HF & RPA
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N 2 Q}G\(\‘aﬁe‘«\ *

g(k)zzp—mi+ & y E

| |

] 21 g%k 2_ '

O O e el |

m |\ T ,0 |1_p| /l

o

P=y PP =p2l 1-p|<[1+ ]

&. - EXCHANGE TERM IS NEGATIVE

Singlet State Select/Special Topics in Atomic Physics

Triplet State ﬂ ﬂ http://nptel.ac.in/courses/115106057/ Unit 4

“Triplet State is less punished by the coulomb interaction”
- Landau & Lifshitz

PCD STITACS Unit 3 Electron Gas in HF & RPA 76
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Singlet: x(<,,¢,) =—x(<,,¢,) anti-symmetric spin part
45,7 =+ 1) = N[ aF)eu(F) +a(F)e () |

singlet : orbital part — double as r; —> T,

Fermi correlation -
* electrons with antiparallel spins to lump together,
*as if in a heap of electrical charge

Fermi “heap”

* This causes INCREASED repulsion - less stable

77
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A Triplet: x(£,,4) =+x(<,&,) anti-symmetric space part

§(r. 1) =00 1) =N a(F e () —a )0 )

triplet: orbital part >0as L >,

Fermi correlation -
* electrons with parallel spins have an EXCLUSION region of space

*as if aspherical cavity is generated around it in which another
electron with a parallel spin cannot enter

Ferm-‘ uho\eu

ange hole
Exchand * DECREASED repulsion > more stable

78
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F oquation . Slide No. 54,

ttract\ve‘ﬂvz"”p@ Previous
a

ellium M lecture
poten“a\ Lr. N .
tron-electron | -2 [T vt 1) v, 0
e . _ -
\sioN "
i repuisiot N
%?:c\fx)ron—e\e& NG RAGAGI @S]
e)(Change -
-\meraC’t\O“ = % Wp(r)
hZ

Vi, (-2 O] [ &V u O (PVET) = &, vy (1)

- 2m
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> -

—

1
0
L

3

[[d* :integration in k spac

>

5’

|

27h
L

)

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

3
'volume' of each state = (—ﬂj
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Select/Special Topics in Atomic Physics
http://nptel.iitm.ac.in/courses/115106057/ Unrt 4 / Slide # 110 & 111

ele
atom _ (N) (N) electron- \sion _electron
E|-||: - <W | H |W > CoU\Omb repu electron inte
N

—ZMHD+—ZZ®WH>WWWH

The operator f contains the K.E. operators and the nuclear

attraction operators Electron gas in jellium potential

attractive jellium potential . . 4 of th
cancels the electron-electron Integration instead of the

direct Coulomb repulsion terms above discrete sum

electron gas in
Ejellium potential

=z

L’ P=Pr  _, , [O=7 . p=27x pep 1 .

PCD STITACS Unit 3 Electron Gas in HF & RPA 81
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electron gas in
Ejellium potential

3
2 L -
(271)

=2r De D 1 N
i d¢|:2 : T gexchange(p)il

@=0

Ipp:opf dej sindo

b))

orr@@"

electron gas in

jellium potential __

h .
?(;(;rglg%ieon T “E%G“a

where By
L P=P;¢ rj'rj
E = o’dp[  sinodo[” dgp{ }
K (27Z'h) J J p=0 2m
and
L3 p= pf 2 O=r 1 —
Ece:)(;(r:?gg%ieon o (27Z'h) I dpJ; Sm Hde =0 dgpliz gexchange(p):l
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})

(_al?lc_tron ga}[s i?_ I ] “s
ellium potentia "
Elj'lF : - EK T Eexchang_e ~ineliC Oﬁe\a\‘\o
correlation . ‘\(\“ a e G
where Bk 7 epxen®
3 E)( ‘
L P=Ps 2 O=n . ¢=27Z’ rjo I_j
=2 SLO P dpj@:0 sin@dé By do }
(27h) “P ‘ % 2m

!
K EK L 4z p

E =2 =
‘ (27h) ZmIpzo o (27%) m 5

5
- W
E® 107°m I(CDf: Fermi  Ex kf5

K

o 2
K: K.E. part of the HF level 1072' m
energy Of the degenerate Raimes / Many Electron Theory /
Eq.3.64, page 63

free electron gas
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umber of electrons - N

N =Twice the Number of single-electron states in the 'volume’

(in k - space) spanned by the Fermi sphere

.4
whose volume is gzkfg’

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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hV 201 \ %
E k.° [ 37°N
“ 107%m ! Ki _( V. j
3 95/_34 =T, = (914 )1/3 (977)1/3

2
N x(fnrjj MV
3 k,

r. . radius of a sphere whose

s "

volume is equal to the average
volume per electron.

(K

4
n? SN x| = r?’j 5
- { X(:aﬂs } 3N )P 3 (%j% N
K ™ 2 ~ 2
107z°m \ X(4 7”53) om\ 4 ) r
3

.E. contribution to the average . E, 3#° (9%)/i A
HF ground state energy per N 10m\ 4 ) r?
electron in a free-electron-gas [ _2.21

- r’°

Raimes / Many Electron Theory /

\ Eq.3.68, page 63

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

1Ryd = me’

2h?

S
—13.60569... eV; 1Bohr unit:h7 , =0.5292 A /
me
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electron gas in
jellium potential __
EHF B EK + EeXChange K.E.
— correlation

V P=Ps O=r p=2r 1
E — p°d sin@d e d {— D }
o, =2 o P Pl oo 09| 5 Contene (P)
2 B 2 2 ]
. —€p P; — P P+P
gexchange ( p) — f 1+ f In f
hr i 2 P: P P— Ps |

ange-corre\at'\on

Next: Estimation of Eqxen

r many -electron o
(;;JFQJ\[E?AT\ONS (Bohm Pines. RPA) @)

Questions: pcd@physics.iitm.ac.ic
PCD STIiTACS Unit 3 Electron Gas in HF & RPA

and how to acc
COULO\\/\B cO
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 19
Electron Gas in Hartree Fock and Random

Phase Approximations

Free Electron Gas in Jellium Background
Potential
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electron gas in
Ejellium potential E

HF Kinetic + EExchange

Energy Correlation

where

L p=p; 0=r —27 Be D
EKinetic = 2 3 I pzdpjgzo SN Qd 9“-::0 d¢|: p p:|
\

Energy (ij'h) 2m

)

3 5
m (2721’1)3 m 5

107°m ' 102°m k®

K: K.E. part of the HF energy of the degenerate r:Fermi
free electron gas level

Raimes / Many Electron Theory /
Eqg.3.64, page 63

PCD STiTACS Unit 3 Electron Gas in HF & RPA 88



2
E — k 5 Nx(gﬂl‘sgjzvzgz 3N
“ 107%m _ f
I, : radius of a sphere whose
(977 )1/3 7 (977 )1/3 volume is equal to the average
I, = 4 — 4 volume per electron.
K. mv _
2 r, : Bohr units
2 3
E, = 3h (97;) EZ r, . Seitz
10m\ 4 s parameter
/K.E. contribution to the average . E, _ 3h° (9%)%i A
HF ground state energy per N 10m\ 4 ) r?
electron in a free-electron-gas 221
_ - 2 Ryd

Raimes / Many Electron Theory /

K Eq.3.68, page 63 .
1Ryd =Me

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

2n°

~13.60569... eV: 1Bohr unit:h%nez _0.5292A /
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electron gas in I
jellium potential __
EHF _ EK + Eexchange KE

|\ correlation

E

exchange :.2

correlation (27Z'h)3

? o V J‘p:pf

p=0

Erom last class
Slide No.86 2

gexchange ( p

E _

exchange
correlation

b, ., o _e2 2_ 2
__V Jpp pzdpje sin@de(pzdgo P P =P [ PP
(27h)" PO 0=0 p=0 hr 2p¢p Pi—P
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E _

exchange
correlation

V
(27zh)

exchange
correlation

exchange
correlation

2 ek K +k
_ Ve el ok 2 +k (k> =k?)In| =
k=0 f f k

Ar°

PCD STIiTACS Unit 3 Electron Gas in HF & RPA o1




exchange
correlation

2
L 2kfk2+k(kf2—k2)ln[

4 k=0

f]“ ar dr = vlnar —
\s
standard Integr®
1 2
f:' Inr dr 3:'5’ Inr — i
° m - .
with \Ogc‘“th
. 1 . :"!
jr' Inrdr =<1 lnr — —
3 o exchange
‘u“cﬁo\‘\s correlation

_ Inz ] _
r"Inz dr = ™ ( — - 7). n¥-1
n+1 (n+1)°,
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( N 9 JA
e2 4 K :(BT/NJ ; &NX(%%FSSJZV

f
— — ;
exchange _V ) from: slide 85, last class

E

3
correlation 472' )

Eexchange =N (

correlation

4 E )
exchange .

correlation _ 0916 Ryd

N I
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electron gas in
jellium potential __

exchange
correlation
L3
where E,=2—=
(27h) °
L3
and Eexchange = 2

correlation (271'7’2)3 *

sin@d g

D °9=:sin 0do

.q):z;z‘

o Q):O

do

< Adding both the terms

_fﬁf’}
m
E

-1 }
E exchange ( p):l

E
N

2

/For free electron gas in SCF jellium potential \

r, : Bohr units

I I

S S

HE | ( 2.21 10.916

j Ryd

Q\verage HF energy per electron

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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electron gas in E 2 211 0916
jellium potential L
EHF — EK T Eexchange N ( 2 ijd
correlation

I I
Average HF energy per electron

S S
electron-electron interaction, the energy BELOW that of

the Sommerfeld gas (of course in the positive jellium potential)

AN )
HF equa“o —h—v v, (I’) Ong\ﬂ of the

. m
attral™Ne L e reduction
m P
U,

po’ten’t\a\ T 2 |w (r )‘ v(T, r Wp(q
/—

ﬂ‘e\ec"/r& =

ele C“'O

COU\Omb rhpa\étg‘eon —iw.(r)[j dVv " (r W, (r')V(F,F

\nteraC 1on = & YV (F) 95
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Average HF energy per electron

electron-electron interaction, reduces the energy BELOW that of

the Sommerfeld gas (of course in the positive jellium potential)

FEG in HF-SCF jellium potential : 1Ryd = me’ [+ =13.60569... €V

E B2 _ A

{% _ (2;221_ O.?l6j Ryd 1 Bohr unit = Aez =0.5292... A
S S r, : Bohr units

First Order Perturbative treatment of
the exchange term 2> SAME RESULT
(next class)

Second (and higher) Order Perturbative treatment of the
electron-electron Coulomb interaction however diverges.
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For free electron gas in jellium potential :
) . P Need!

M
{EHF }_Ez.zzlogleszyd Oue‘\—;'\ons Many-body
N 2o corr * ored theory — beyond
19 erturbation
Bohm & Pines: mid-fiftees P method's

D.Pines (1963) Elementary excitations in solids  (Benjamin, NY)
Random Phase Approximation

221 0916 3 _, 0916( B pB°
Bgp =—5— + y'B - B
I I 2r52 s 2 48

K. : Upper bound to wave number of plasma oscillations

- Lower bound to wave length; since oscillations get

damped by the random thermal motion of the electrons.
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First, the ‘classical model’

Positive
and
Negative
charge in
balance

0. average
volume
charge
density
—>
S

Displacement

of all the

electrons to
the right

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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First, the ‘classical model’

O . average
volume
charge
density

—

S
Displacement
of all the
electrons to
the right

surface charge

net positive
surface

000€ @@ " e

00080000 '
charge per m charge per

unit area ‘”.”‘ unit area
T 00000000 0

net field in-between
|

density : o =epé E= —epfd

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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net field in-between Eq. of motion

a2 (1
- 1 R 25— = _
E= —ep&l m e (50 epfj( e)
&g
d2§ peZ

CGS units
= -1 ; i—)472

A g
’ 0__/4mmf
;= -

Thermal motion of electrons: ignored
—>except that thermal fluctuations would have ‘caused’
the onset of plasma oscillations

Sl units

Frequency of plasma oscillations

when dispersion Is present:
2E.
m

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 100

Thermal motion -2

dispersion |42 = a)p2 _
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DeEeEe@e®
De@De@De@e®
DeDe@De@e®
DeEeGe@e®

discrete positive charges in the
nuclei considered smeared out,
like jelly beans into a jellium.

Uniform charge density I*
Whole system: electrically neutral.
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//upload.wikimedia.org/wikipedia/commons/d/d0/Strawberry_jam_on_a_dish.JPG
http://mobile-cuisine.com/wp-content/uploads/2012/07/jellybeans.jpg

N electrons in volume V together
with a uniform positive charge

_ & background jellium distribution.
P V Jellium background

H=H,+ Hqu' Hel}‘b
1St term N the Hamiltonian /7~ Mathematical device to

, N N e_”‘ﬁ_m avoid divergences.
Z e Z Z Later, we take the I|rr(1)|t:
=l 1>
j;tl
P — 1| X=X

e - e ([ e 222

3d term in the Hamlltonlan

+ —ﬂ\X i N electrons and

_ 3—’ the background:
Hel—b o € Z j‘J‘J‘d NEUTRAL

system 102
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2nd
term H b —
+ + N

Ps = Py = V (uniform density)

X'-X=1
dX'=dz....
o L

1 B . )_—(f )_—(f —ul
;eﬁﬂdﬁxmdw : (;;.‘

= e (N oo

at constant X

1] 437 &

47[_

- 390 ([T e

Reference: Fetter & Walecka - Eq.3.7

in Quantum Theory of Many-Particle Systems; page 22

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

X—X |

aH X—X]

|
—U
= 474 22d78— = 47 (" zedz = 4—75
Z 0 y7i
) Contribution of
lez N_4_7T this term (per electron)
27\ 10 diverges
as p=>0
H p2 divergence
— — diverges
p—0 103



3rd

term -
N +aHX-T H ]
Hyo= —€°Y de’&)—( p‘i; - szo u” divergence
i=1 — i

Contribution of
this term (per electron)
H _ diverges

el-b as p>0
M2 divergence

Reference: Fetter & Walecka - Eqg.3.8 in Quantum Theory of Many-Particle Systems; page 22
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H=H,+H,+H,,

2 2
H = He,+1e2|\I 4Z—e2N 4727
2 NV wu V' wu

Contribution of
this term (per electron)
diverges

as u->0

‘\‘Z M2 divergence
——

Does the diverging term cancel with any part of H,?

H= H

el

- tion
Procedure to take limits: ot AUE car\ce\\zﬂs,
FIRST: L (ie. V>«) and then p>0 A copriate P
Reference: Eq.3.9 in O \f any’?

Fetter & Walecka - Quantum Theory of Many-Particle Systems; page 23

PCD STiTACS Unit 3 Electron Gas in HF & RPA 105



H= 3 S e Y 3 X Y el Ik

(vl ki) = jdqudq2¢ ()4 (qz) “(%9,) A (o) (az)

1st term - N - N

AT Screened
Coulomb

I j)c, += 7 7 7 7 cic! (ijlvelki)ec
|r1 0| €

(ijlvelkl) = [ da, [ da,g" (a,) 4; (OIZ)| |¢k(q1)¢|(qz)
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) ) ] |

: 1 .
iye,+>2 cict (ijlv=elkl) ¢c,

_ﬂ|f1—?2|

(ijlve[k1) = [ da, [ da,g” (a1, ) &} () é (o) (a, )

% -]

Showing the summation over spin variables explicitly:

2

P

YT Y Xtk
_ kk o ka 07
1 o -~ -
+ E Z Z Z Z Z Z Z Z Cllilal Cllig oy <k161 klo-l |VSC | k30'3k40'4 > CE404 C‘ngs
L k o K 7 ke O K o

—

k2<72>c

koo,
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P’ )

z 23 X Galkef
+ E Z Z Z Z Z Z Z Z Clzol Cljz o, <k101 lz20-2 |VSC | Iz3o-3|240'4 > C|Z4U4 C|z303
i kk ok o kg oz Kk

E202>C|2202 <First, examine the K.E. term.

- 2 _ i h2V2 1 ik, +X
klalzp—m 02”de (_e " j( 2m j(WEkZ j
<ka pz IZ0> _2“1“2 ” d3x e M¥veete
1 2m 272 2m
= h 01 O3 [ J‘j.[d k2 kl J
4% o) _5(12 o)
(27’) Dirac delta function
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N electrons in a cubical box.
Each side has length = L (xli) = L gt
Volume of the box = vV = I° N

Box normalization with Born von Karmann
boundary conditions

nA =L, n 2z _ L; Kk = 2,
k, L
-~ 2 . . .
k = _ﬂ(nxex +n6, + nzez) In the k- -Space 272.
L 'volume' of each state = m

2
72:-[ 'J‘J‘dg)—(» ei(IZZ—IZl).z _ 5(@ B IZZ) .”J‘d B 5‘21 Ko

(272.)3 ] Eqg.3.11; page 23; F&W
LD nk,” fas i(l—k)x K,
ko, |—Ik,o,)=—20 d°Xx e V" =—2_§ o -

PCD STITACS Unit 3 Electron Gas in HF & RPA Eq.3.10; page 23; F&W 109



) _
Z Z Z Z Ck10'1< 101 me k2(72>c|2202 < First, examine the K.E. term.
Hye= | B o R
+ Z Z Z Z Z Z Z Z CZ101C:20'2<k101 lz20'2|VSC|l230'3|24031>C|Z4cr4c|23<;3
2 21, 2
~ ~ hok
<k1(71 L K0, ) = - O 5,0k i
2m 2m 7 Rk
2k 2 N
Z Z Z Z k, 01 kzaz om 551,525@,@
Hye= | B m R
+= Z Z Z Z Z Z Z Z Cllo—lcizoz( 1(71k (72|V |E303E404>CE404CE303
2k2 ]
H”Q Z ; k, 01 klal om

+ Z Z Z Z Z Z Z Z Cllalciszz( 10'1k ‘72|V |E303E404>CE404C|2303
o1 oy} o3 oy
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T
Z Z k10'1 klo'l
o1

+= Z > Z Z Z > Z > el (ko ko, velkoko, e, ¢
2" term >S5 O )

01,03 05,04

P P scly) o .
<k101 K,o, |V | k301k402> =

_5610350204jd3fjd re. ()4 :zUZ(F)

(Ko ko Ve Koo ) =5, o, S [a[d,
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(ko Ko Ve lRok,o) =0, 5, & [a [d°,

01,03 0,04 V 2

rn—r—y . N
C 2 f*l=y+f2:y+i

L, scli, 3
<k161 K,o, |V |k363k4(74> &y,0 02 BVE jd

. . . . Hy -
<k101 k.0, [v=| k363k404> 010,05, 0, V2 .‘-dsyj‘ds# Al (743) g kit )y
|

e+i(|23—121+124—|2‘2).(y+>—<’)e—i(124—k2)-y e+i(l23—|21+lz4—lzz)-)?e+i(I23—I21)-)7

}

<k161 k.0, |Vsc|k363k464> 010,05, 0, V2 jd3yjd X—e (oharka—to )% g il )5
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_€ ﬂy k3 Ky +Ky— kz) X +i(k3_kl)°37

<l2101 k,o, V™| |2303|240'4> . 0.0 o, VE jdsyjd

e_;uy =

y

—_

<k101 lzzo-z |Vsc| R'303E404> ds—» (kg —ky +ky —kp )oX J'dSV

] f

Conservation of linear momentum in homogeneous space

L L 2 — — —uy
<k101 k262|VSC|k303k464> 501,03562,04"’\%v§(k1+k2'k3+ 4)jd3yey gtilkak)-y
- e el T & c o L E a3 i(ReR)y

(Ko, Kyo, I |k303k4a4>=56170350204v (K, + Ky, Ky + K, ) [ d®y v s~
— J

- J
Fourier transform of the Screened Coulomb
Potential
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Small digression: Fourier transform of the Coulomb Potential

Fourier transform g(k) of f (F):

g(k) = [[| e f(r)dr

When the integral does not converge:

g(k) = m ([ e™r et (rya®r
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Given g(k), how do we recover f (F)?

f(F) = (ijs m e Tg(K)d®k

When the integral does not converge:
=\ I +ikoF A=k N L NA 3L
f(r) = ngg_m e " e g(k)dk

rotational symmetry :

When f (F)=f (IF]), then g(kK) =

(|k|) & vice versa

In the case of rotational symmetry, f (F)= f (Ir])= f(r): 1
. . A coo _
g(k)=g (k) =g(k) =?”jo dr r f(r)sin(kr)

FT of Coulomb potential, V (F) =V (IF]) =V (r) :%

g(k)=g(kl)= (k)——j dr, —sm(kr) :4—”j°o dr sin(kr)
I, K 0
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FT of Coulomb potential, V (¥) =V ([F]) =V (r) :%

g(IZ):g(|IZ|):g(k):4TﬂJ': dr r %sin(kr):%ﬁo dr sin(kr)

The above integral does not converge 1

FT of Screened Coulomb potential, V¢ (F) =V ¢ (IF]) =V 5 (r) = lim =
u—=0" 1

—~ — . Arx e e
g (k)=g(lKl)=g(k) = lim == [ " dr r

sin(kr) = lim 4z dr e * sin(kr)
r u—0" K J0

g (k)= lim —j dr e sin(kr) = lim —j dr e Im(e*")

u—0" u—0"

—

K)=lim —Im_[ dr (e¥+r)

u—0"
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= lim —Im-
u—0" Ik—,u
[0-1]
Az 1)
= lim —1Im _
pu—0" ,u—lk
. A A
— ||m > 5 _—2
u=0" ° + K -
4 e\
FT of —— =( j
uo+Kk r
C
ror 47 (4)
K r
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— — — — e —HY .(* .o
sc . +| Ks k1)°y
(ko ko, Ve Kok, ) =8, 5., y §(k +ky ks +K, ) [d°y .
ur SC 4 Reference: Fetter & Walecka
e_ Quantum Theory of Many-Particle Systems i
ET of _ T ooe 20/ B0, 14 Fourier transform
r qu + k2 of Screened
Coulomb Potential
. .- e - - - = Arr
sC .
i 21 2 ‘kl A ‘ + lLl
h k1 T
Z Z C|21C71C|210'1
ko 2m
62 - -~ —
INQ
Hel - 75( 1 T 2’k3+k4)
+ Z Z Z Z 01,03 02 Oy 472' ¥ ¥
I‘1 01 kz 07 k3 03 k4 Oy > Ck C-
— — 101 ky 02 Ky, K30
Reference: ‘kl o k3‘ + /u ]

~ Fetter & Walecka - Quantum Theory of Many-
Particle Systems; page 24 / Eq.3.15

Rearrange the terms = Cancellations with

terms from the background....
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H=H_,+H +H,_,

H= H

el

2m

5 = k +k, =k, +k, =k, —k, =k —k,

Momentum transfer

Questions:
pcd@physics.iitm.ac.ic

h°k,’
Z Z —10%10'1C|210'1

+ZZ 2 2 G

kl [ef} k2 Oy k3 O3 k4 Oy

potential :

o-z oy

Contribution of
this term (per electron)

ch ¢f

(H)

k101 "ky 02 k4

| order PT

diverges
as p>0

M2 divergence

Oy

—_—

For free electron gas in jellium

E

N

Next class:

Rearrange
the terms -
Cancellations

with the
= ‘divergence’
terms from
the
background

k303

=7
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 20
Electron Gas In Hartree Fock and Random

Phase Approximations
Plasma Oscillations in Free Electron Gas

Refereme:\/’\:/e}tefk& References: ‘The theory of plasma oscillations in metals’
alecka .
Quantum Theory of - by S Raimes 1957 Rep. Prog. Phys. 20 1

Many-Particle Systems & ‘Many Electron Theory’ by Stanley Raimes

120
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H=H_,+H +H,_, Free Electron Gas in
Positive Jellium
Background Potential
H= H

el

p?divergence

P _

Does the diverging term cancel with any part of H,?

n°k,’
Z Z —10|201C|210'1

0 o 2m
2
e - — — —
HeIIIQ_ vé‘<k1+k2,k k)
_I_ kz kz kz kz 01,03 0'2 Oy 47Z' T T
1,01 Ky,0, 3:03  K4,04 _ 12 CklO'1Ck20'2 k4a4 k303
K, — k| + 227

11 ; s . . . - Y - )

— _ — _ — 0 Momentum
Rearrange the terms - Cancellations with
terms from the baCkg round. ... PCD STITACS Unit 3 Electron Gas in HF & RPA 121



2 2

Ky

Y Y XY

0

I(1 01

nk 2

2m

kz 02

Reference: Fetter & Walecka - Quantum Theory of
Many-Particle Systems; page 24 / Eq.3.15

ct

kl O-l klo- 1

01,03 02 Oy

ks,o5 k4,0,
3:¢3 4124 ~ - = ~
klgl k2 0 k464 k303

K, =K (1:\k/_|_\q/
= 3+ﬁ=k+ﬁ K, =P—0
. “C. — ~/ N

— R \.©wr _
<4 =P <3 =K O(\N‘ b\e%
— — . . . — \]6(\6
(2:k4—q:p—q (4:

122
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2 2

ky 01

_I_

v K, K, K
HC@%C@% 1+ 2 3+ 4
2
675(k1+ 21 Ky + 4)X
> Z 2 Z Z A At
oy k, g Ky Ky C-
- - 12 5 k01 ky 02 k4o, k3o
Ik, — k| + 4

)

1N

Ev

separate the g =
e-© .
el Fee =

PCD STIiTACS Unit 3 Electron
Gas in HF & RPA

k, =
; (

I\)II—\

3
cf ¢ < K.E. term Z

k+q0 ¢ o —
3 K+
Z Z Z ( 2 k+q01CJFr) qachazckglJ J
p 01 02
0 term in the |e —e] interaction ]
1é’
EVKZ Z Z Z ( 2 k+q0'1C7FLJ Go, ~po, kq)
2

¢l ¢l ¢

DID D WP B
R 5

g, 07

(\» :

*=q°+u° for =0 |
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¢ AN
nQ _
e +1§4_”Z > > (clhcicc i[=0
ZV 2 - 5 ( koy ~“Po, ~po, IZol) d
I qzao'l o U ] SJeparate

% ko Pz "Po2 1 POy 01,0, K,
— _J
(1 e’ A | )
. EVZE: Zp: 2 ; ; (qzﬂlzc cl o Co qu
He—e +1e2 472_ ‘;‘ | |
EV_ZZ Z z Z (C quUlC o,C50, ~Cio,Coo 501r 5k )
= 5 U
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Reference: Fetter & Walecka - Quantum Theory of Many-Particle Systems; page 24 / Eq.3.15

g = 0 terms

4
2 y‘l y: ( CE +qO 1C:) qo'cho'zckle
02

q° + u°

j 4 j 4 j J j 4 (C:Gleo-lCT CpO' CZO']_CpO'25Gl 0'25k p)
=0

g =0 terms
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We now write these two terms separately

j’

1 ¢
oy
o |p1e4n
o 2V 1P
_1e4n
2V u’

PCD STIiTACS Unit 3 Electron Gagin HF & RPA

¢l ¢f

2 “k+Gor P—Goy “Poy ko

¢l ¢ ¢l ¢

ko1 "koy

po, “Po,

J

—cl ¢

kop Poy 01,0 E,p

v
*

|

A
q + u

¢l ¢. ¢ c.

ko1 ko

2 “k+goy “P—Goy “Poy “koy
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[ 1 ¢?
ZVZE:Zr):
o |p1e
e—e 2
2
1 ¢?
I
7
o n e’ Ar
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¢l ¢ ¢l ¢

4 t
q2 +,UZ CE+qalcﬁ—q02CﬁffchZol

J

rator
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R
1o g7 _
S I R e
i 4= G=0 i
_ L G #0 terms
T B X (et
1o g7 _
(z BT (E T
G=0 ) -

The above summations give the total number operator

HY @ ST =

ZZ 2 2 2

! C.
q +,Ll2 k+q0'1 P—Go, ~Poy ko

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

G=0 o1 o
2
+%%“—”N2 v
i H U ~ A
—_ —~=0terms
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(1 @2 4

EVZE: Zﬁ: q ; ; (q2+,uz CEJrqO—ng_qUZCp'UZCEmj
1 2
2

We now replace the number operators by their

eigenvalues

T T IY Y (s

p q¢0 01

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

H"Q _
ﬁle47zN2_1e47zN W
2V 2 2V 4
7 b
~ = ng
g =0 terms _/ hav!

T
2 k+q0'10p qo'cho'z Ckal ]‘I

riputio™

¢ CO
2 di \,ergeﬂ
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.

- 2 2

=0 terms — _:1\9\47”;'
2V

N

_lez 47N
2V oy

C-number contributions to
H

and hence to
H=H,+H,+H,,
v

From slide 100:

2
H = H, w
2

“— e

Reference: Fetter & Walecka
Quantum Theory of Many-Particle Systems;
page 25

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

contribution to

EIGF . per particle

v

4 N

_1e’4rn
2V u’

\ /
First:V —> o, next:u—0
’=V : l<<L; l<</4

Y7 L
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1 Ar
"t [ 162 47N° 1€ 4N
QEV. TN 2 } q=0terms|
cancel ™ L E.
~ ) Im
H=H,_,+H-~+H;.,. 7 voe N

Hamiltonian for a bu
uniform positive bac

ZZ

1

2V

K electron gas in a
Kground jellium potential

T C_. 2] Reference: Fetter & Walecka
ory of Many-Particle Systems; page 25/
Eq.3.19
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Hamiltonian for a bulk electron gas in a uniform

positive background jeIIium potential

Ref: F & W; page 25/ Eq.3.19

H:ZZ

2m

kG kO'

777

A7 o
2 k+q01 [ qffcho'zckol

IR

del p,o, q;tO U

/N x(gnrj’j =V < r, : radius of a sphere whose  length scale:

volume is equal to the average volume per electron. Bohr radius = a, =

~

2

2

me

dimensionless : r, =—=

_ d,

) = . ~ V ~ N ~
scaling: k=rk; V==; p=rp; q=rg
\\ I /
21, 2
7k =7 Ee_i _9

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

Reference: Fetter & Walecka
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length scale: . :
dimensionless : r,

S

|

Bohr radius =a, = —; %
me
ing: K=rk; V=i B=rp;, §=
SCallng. =K, _F’ P=rp, Qq=Ir(g
S
-\ 2
2| K ) e 1 e r’
72k 2 r 1 2 72K 2 N/ qz o 2r3\’/' qu
— — | — S
2m 2m r,) 2m 5
2 2202 2 2\ #2102 € 1
1 ) »k me” |( me® | Ak = 7
- —| 72 2 ZaOrOV q2
a,, ) 2m ey )\ R°ry ) 2m
2
= f
LS = 7o }2
ar’ ) 2 a,ly," 2V Q

PCD STITACS Unit 3 Electron Gas in HF & RPA
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Hamiltonian for a bulk electron gas in a uniform
positive background jellium potential

H:;;QJ 2V e

2
1 e’ A7
T = T T
ClZGCko y‘l yj 2 k+qo'1cf)—qach)0'2 CIZ(Tl
A

k> (e K2 e’ 1 (& | 1
Zm aOrOZ 2 2V q2 a.rl. 2 / qz
D> =l
H :( € ] K o 2 “
ar’ )|, 1, o el
+ E \7 7 Z C:Z;J 21 21 (? CI?+601C6—562 CF:’GZ CEGl

Reference: Fetter & Walecka
PCD STIiTACS Unit 3 Electron Gas in HF & RPA Quantum Theory of Many-Particle Systems; page 25/ Eq.3.24 134



H=| = || & °
3y, 1r A
0 i} RPN i
ETOIDNDIID I TR
| 01 )
Reference: Fetter & Walecka
Quantum Theory of Many-Particle Systems; page 25/ Eq.3.24

r, — 0: "high density" 1* order perturbative treatment possible

even If the perturbation is not weak.
h2K? 1 ¢? 4

H = clc. +i== —-C

= H, (unperturbed part)+' H, (perturbation)

\

S !
I2+601Cr)—q02 waz CEO'1 j ;
I

I

i

Reference: Fetter & Walecka

Quantum Theory of Many-Particle Systems; page 25/ Eq.3.24

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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h2k>

<(DO‘H0‘(I)0> = <(Do kZ Z om CZGCEG (D0>

hZR’Z thz

= =2
le: Za: 2m Z‘ 2m
kl</ke |

1 ~, . - STITACS

; —> - 3” d’k ' : integration in k space Lénlt3
(j Lecture 18

L Slide No. 80

V k=k{ hok?
<(DO‘HO‘(DO> = 2)(8—72_:3)(472- » kde o
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CoCio 7 > 7

2 V 4 ( 2 k +G 01 p qo'chgzckal)

o Pz Ref: F & W
, (unperturbed part)+ H, (perturba’uon) QTOMPS; p 25 E.3.19

H
(D, IH|D,) = <CDO|HO|CDO> +<c1>0|H1|c1>0>

L

Ol

V k=k; 2 hzkz . .
(Dy|Ho|®y) = 2><8—3><47z . kedk ; K.E. contribution to the
o m average HF ground state
- " X V3 x4 i k*dk energy per electron in a
m 8r k=0 free-electron-gas .
2 5
= fi X v ><47Z'k—— hzvzké E(O) 2921
Ref: F & W m 8r° 5 10mnz HF Ryd
QToMPS; p 27 Eq.3.30 Same slide 851 N rs 137
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hZ 2
=Y Y e, + 15y Y 2, ( : ]

kO'l pO-Z

q
= H, (unperturbed part)+ 1(perturbatlon) First order
<CDO|H|(D0> <CDO|H0|(D0> + [<(D0|H1|q)o> } &< Perturbation

Theory
1e° Ar ;
<(D0|H1|CD0> = (D, Evk A 7 q Ck+q01Cp CIUszUzCkal D,
01 P00y q=0

I
]
]

N |
|

A e
7[—<CDOC ¢l . c.C |D,

2 V k+gor  P—0oy ~Poy “koy >
Ref: F & W

QToMPS; p 27 Eq.3.31

O>w;|d 0

be

unless p,k <k, sothatc,, c._ annlhllate electrons in those states

T
< ‘Ck+ G1Cp QGZCPGZCkal

and cT i CZ, io, Create partlcles In the same/corresponding empty states.
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<‘CT ¢l ¢ ¢

k+Go1 P—Qoy "Poz "koy

O>w$ld 0

be

unless p,k <k, sothatc,, c._ annlhllate electrons in those states

and cT . c; i, Create partlcles In the same/corresponding empty states.

= (1) k+G,0,=k,0;, & p-G,0,=p,0,
or (2) k+q o, =po, & ﬁ—ﬁ,azzlz,al

G » 0= second possibility must be correct, not first.
cI>O>=5A S 2< o [CF o Cier

k+q,p 91:0; k+qGo1 ko'l k+qoy kGl

T
:>< ‘Ck qo'lcp —Go, CpO-ZCEGl

0,

la.a/| =6, =>cl c =-c _c

q0 ko1 "k+Goy K+Goy, kOt

—

¥
< ‘Ck+q01Cp qﬁchgzck

O> =5, O <c1>0 CDO>

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 139
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<CD CZ+qal :) CIGszO'ZCk q)0>:5|2+q,r) 01,07 <(D0 Cg+qal (;Cmqolcg’ca)cﬁal (D0>
1(4rx)\ e’
we had <CD0|H1|CDO> = & o Z; E(?]V@) c:malc; 401 Cp0, o cD0>
(D,|H,|Dy) =
1( 4 \e’ : :
IR )
<(DO|H1|(DO> = number operators
1(4x €’
DI ) ALY
<(D0‘nk+q n CDO>:1for k+q|<k. and k <k_
o, K,oq —_—
=0 for |[K +d|>k. or k>k. (orboth >k,)

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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1 4r e°
:_Z Z G0 Z‘ Z E?Vé‘k quj 0<q)o‘nk doy K ‘CDO>
(PN 4., o, | P ) =L For k+q|<k. and k <k,

=0 for |k +d|>k. or k>k_ or both>k_

(D[N, N, |@0) =1 for ((k+d| -k )< 0and (k-k.)<0
1 —0 for ([K+d|—ke ) >0 or (k—k;)>0
0 Heaviside step function

D, ) =0(ke ~ [k +3])x0(k. —k)

.€. < ‘nk +qoy Eﬁl
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<(I>0|H1|CDO> =

-TT X > Y A G (4

k+q p 02,01
G=0 ozl oy 2 q \%

o)

E"‘q,O'l E,O‘l

, ) =0(ke ~ [k +3])x (k. —k)

< ‘nk+q oy nk,al

<CI)O|H1|CDO> -
14 S
-2 Y % LY 3T ad00 K)ok k)
O &@/Tq v v s
QToMPS; p 28 Eq.3.33

- % ol -k a)ok k)
% q° Vv

q;to

4 -
(@uljo)) =% 3 ol —K+d)ol
K

q;to
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(@lHf@n) =% 3 7€ gk, - [k +al)o (k. ~k)

q¢0 q V
e
3
From Unit 3, Lecture 18 L 31
y y k
Slide Number 80: ; {277) ” d

(@ |Hy| D, ) = ( )H d k(zﬂj jj ds{d'—ﬂe—@(k —\IZ+C|’D<9(kF—k)}

q= O now mcluded. d*g = g°dqgsin d 8d ¢

(4 |H,] D,) = ‘“fezvmd ES [ 6(k. |k +4])o (k. —k)}

Ref: F & W
QToMPS; p 28 Eq.3.34
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(@ |H,| D, ) = 47ze2vmd K[[[a® { (kF—\IZ+Cﬂ)9(kF—k)}

277)

Ref: F & W
QToMPS; p 28 Eq.3.34

: ~ - 1) = 31 35
change variable, k —>(k +qu: P de K — ”jd P
i.e. E:ﬁ—%q’ consequently: (E+q):(ﬁ+%qj
<CI>O\H1\CD >: ,Notle th‘e symmetry

—

P+—(q

o o i
p !

We have to evaluate this volume in the k-space.

= 1
5_1g
2C|

)

J
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We have to evaluate this volume In the k-space.
(D [H,| @, ) = P

- o s

P+
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two circles

of radius K|

Note where the centers of the circles are
chosen
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In the region of intersection of the two circles,
k- : radius

.1 ~ 1
i we have [P+—(Q|<k. |and also| [P——=q| <k
of the circles 2= 2<%
. 1.
P+—0
2
ﬁ—lq
~ k 2 ﬁ“’ \\
\F\ ' 1 _ kF\
: —(

Evaluate the 1 2 |
volume of the ’ STOMPS: 1 28
Intersection of 2 q Fig.3.1

the two

circles-in the _ 1 .1

k-space. ||| d° F{e -|P+>4 jé’(kF— P—Eqﬂ

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 147



1] dBF{H(kF -|P

F&W: QToMPS; p 28 Eq.3.35

(D |H,|Dy) =

2\/ 3 3
= —4(172[2)6 V;[OIe(47zg/dq);z{4§ K (l—gwréx jH(l—x)}

space

whole
space

—?Zez;gj (47z2dex){4?7[kF3(1—§x+%x3j6?(1—X)}
T

with 2k_dx = dg

148
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(o |Hy| @) =
G g el

Are’N/ A7 3 1
- — = J‘ (472'2k dX){ 3 kFS(l—EX-I-Eijg(l_X)}

(272-) whole
space
AreN Arx X< 3 1 with X = ZE
= — - ke® (47 x2k.) J- dx{(l__x+_x3j} :
(27z)" 3 2 2 2
3 me"* energy — e’ e’ 1
7 -1 1! =—=
— ( A) aetﬂn?crljgrw%(/s - (47[80h)2 atomic units (472'80)8_ a,
4 2 2Rydbergs=1 au =1 Hartree
TTE of energy
..fromslide 89, | distance — a, = mé’z - - N
ST|TACS, permlttIVIty | order PT — B 0.916
Unit3, Lecture 19 — Arme, =1 N rs—0 fS
| of vacuum \_ Rydbers
atomic units
149
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For HF-SCF free electron gas in jellium potential :

E
_HF |_ (2'21_ 0'916j Ryd For free electron gas in jellium potential :

N r 2 r

S S

Perturbation theory gives the same result

E
EIN| | [ 'Oﬁer o =(2€1— 0'916ijd
0.10¢%/2a,- I I
- Minimum

=2 At negative energy
' M System: bound
“Wigner solid”

2 Reference: Fetter & Walecka
E-r"N = - G[}gjf fZﬂﬂ Quantum Theory of Many-

Particle Systems;

Fig. 3.2 Approximate ground-state energy [first two F932P222%  NEXT CLASS:

IR

~0.10e 24,

terms in Eq. (3.37)] of an electron gas in a uniform positive RPA
background. E
Wigner ,
_ solid e 1.79 2.66
As 1, — oo (low density) N " 2a, (‘ r i r? +") @ CN"\)
E.P.Wigner Phys Rev 46:1002 (1934) - - -
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 21
Electron Gas in the Random Phase Approximations

Plasma Oscillations in Free Electron Gas

References: ‘The theory of plasma oscillations in metals’
- by S Raimes 1957 Rep. Prog. Phys. 20 1
Also: Chapter 4 in ‘Many Electron Theory’ by Stanley Raimes
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http://www.physics.wisc.edu/museum/
Exhibits-
2/Modern/PlasmaTube/index_plasma.

lonosphere (Aurora)

Mesosphere

-

Troposphere

Magneticfield lines

PLASMA: 4t state of
matter.. highly
lonized region..
positive charged
lons and virtually
free electrons...
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Inner Van Allen Belt

http://www.redorbit.com/education/reference_library/space_1/solar_system/2574610/van_allen_radiation_belt/



."ﬁ'“. ."ﬁ". .-'ﬁ'“. I_I.-'_'H.,h
telt/el+ e+ e@
o o o o
."ﬁ'“. ."ﬁ". .-'ﬁ'“. I_I.-'_'H.,h
/et et et e
o ) ) o
l-_.d—h\.__l l-_.d—h\.__l ll_-d_“\-__I I_I.-'_'Hx .
et/ e+ e+ e
a a a o
r— pr— —— I:_.-- _".\__
+/ e+ e+ @+ @
- e e e

.

+)
N

et

b
A

LY
v,

e (+)@(+) @

"
||
L

Metal - plasma

Ignore motion of the
lons.... as if they are
frozen....

lons: relatively far
more massive and
have large inertia....

Whole system: electrically neutral.

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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0000 . 00000000 - i
o000 : 00080000 ch:rue per unit
‘ ‘ ‘ ‘ Displacement m area = —ep,¢c
f all th

‘ ‘ ‘ ‘ gleit_rgr?s to m.m surface
o000~ 00080000 .. .
‘ ‘ ‘ ‘ ”‘.‘” density :

00080000 . _.;
o000 net positive o =epg
Positive charge per unit
and area= +ep & net field in-between
Negative " o1
charge in E= g—epzju

0

balance
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net field in-between - ©f motion —

E= ief)ejlﬁ d_§ (g—epfj( —e) W, = me,

. dt? SI units

| d*s _  pe’
CGS units 5
2 CGS units Arpe?
L 1 ; 1 gy Mé g0 “o~ \/ rlr)l

Are, &,

Frequency of plasma oscillations
Thermal motion of electrons: ignored

except that implicitly we assumed that thermal

fluctuations would have caused departure from equilibrium
In plasma density

and thereby cause an onset of plasma oscillations.

155
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net field in-between
1

—_—

E= —epll
&g
CGSunits  __
/47z_e2
a)p: P
m
5= N B 3
o o 3
N gﬂ_rj 47Z'I’S

2
a)p = JB% rs3

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

Eqg. of motion

a2 (1 _
m—==| —ep& |(—e
dt’ (50 péfj( )
d2§: _I[—)eZ
dt2 mgo s‘\_\‘().

Frequency of plasma oscillations
47{.( 3 jez
w,= V

Ay rs?’
m
Thermal motion - dispersion
when dispersion Is present:

2F.
m

2 2

k2

@
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For free electron gas in jellium potential :  Bohm & Pines:

C e mid-fiftees
EPT _[221 0916 Ryd D.Pines (1963)
] N | I‘S2 I Elementary excitations in

solids (Benjamin, NY)

221, V3 0916(1+ﬂ2_ﬂ4j

E _
B /ﬂ r 2 48

S S

Random
Phase

'B:k_C; k. : upper bound to the wave number Approximation

f
oscillations get damped by random thermal motion

of the electrons
( ) zero point energy of the plasma oscillations
@, — \/ / 3/2
m ( / %ha)p where 7@, = 23 Ryd

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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Field Operators Reference:

w(q) = Z Vi (q)ci STiTACS / Unit 3/ lecture 19/

' (@)=, v (a)c

H= | zﬁ*(q)f(q)eﬁ(q)dq% [ [ v @y (@)v(a.a)(a)y(a)dadg’

equivalent

EDIDY c!(ilf)e,+5 % ¥ >3 clel i) e

Complete expressions for the operators,
Inclusive of spin labels -
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Complete expressions for the operators, inclusive of spin labels

|:Calo'1 ! CazazT :L - 53132 50152 |:Ca101Jr ! Cazng :L =0 I:Calal ! Cazgz :lJ_r =0
l/}a(CI)ZZ Z Wia (q)Cia l/};’(q) :Z Z l//j,b’*(q)CJr
i B j

= [ wl@f(@)y,(a)dg+= j | i@} @via.a),a)w,(@)dadg

becomes, inclusive of the epr|C|t spin labels:

H = Z Z c‘“_[ v, (9) (@, (a)dac;, +

bps
1
+>2 2 2 X o[ [ v (@wy, (@)@ adw, (a)v,dada’ ¢,
i j K I
£33
H= > > cl (ia|f|if)c;, +;Z > 2 2 clel (ia jpvlls ky) ¢
I;; I;; k;z:: Raimes / p.42 / EQ.2.117 > inclusive of spin labels
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q=r,{ — space + spin coordinate

v (q)w(q) = p(q) « particle density operator
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v (q)w(q) = p(q) « particle density operator
p(F)=i5(F )
([farem=[ifo'r i(s(r )
—Z ”jd3r5 (F—F)=

Fourier expansion:

- di i o1 ik o7
| o, |:dimensionless  p(F) :\7;'0‘2 oik

161



N electrons per unit
volume: p=N/V

Fourier expansion of
the electron-electron
Coulomb Interaction

[c.]=[charge] L

The above sum is a triple sum, over

the three components of K.
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€ _ i ZC~eiE.(ﬁ_Fj) multiplying both
I V < K™ consider first sides b eik’-.(rj_;)
k=0 Y& _—
(1) €7 Jike(rn) 1 ZC o (1))
J k Note the
Y ¢, S9N
e'k (Fi=%) e_ —_ iche'(k_k )+(F 1))
I VR
\ntegra“ng
= | ke(F-R) | € 1 | i(k=k)s(F -
([ g feer0]€ L5 (] a o]
IJ The Wave Mechanics Qf Electrons in
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J

”:[ dSI—,»J eilZ'o(Fj_Fi) e’ :\]/_ Z Ck”‘ d3F ei(l?—l?').(ri_rj)
k

e J:” d3~ (i~ 12 Ck_” d3F ei(IZ—IZ').(ri—Fj)

V4 !

from sllde 117,119

FT of (Ej :% 472'6

T [ e[

Dirac 0

Arre? :Z c, e 5 (k-k)
k
A e’

K|’

l.e. C. = —> except when k =0

[c.]=[charge] -



2 o
D SR
rij V5

2
dre > except whenk =0

C,=—

Kkl
Integrating | What 1s C. when

ij

NOW, iji” d3|7-’ [ei(E—E')°(ﬁ—fj):| _ 502 B R’.) Eq.3.11; page 23; F&W

l.e. fork _”“'dsa ik o(—T;) IZ (—)») 5(|Z)

165
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~ 1 iRt Tmewave
ezm d’F, == D¢, {_m d°re (i=1) Elcrons b e
I % V

page 285

c =¢*[[[atr=

Potential energy of the i electron due to one

electron charge uniformly smeared throughout the box.
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Potential energy of the it €~ 1 (1)
electron due to the j: Y,

Potential energy of
the it" electron due
to all the electrons:

oY et 1 K+(5—F,)
P(F)=> —==> > ce
o G ViE R
J#l J#I
ca:4ﬂez—>exceptwhenli':6 — p? d3*1
T KE s =[]’
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Potential energy of the i" electron due to all the electrons:

N eZ -
)=2 —=—Z Doe
R

2 . 2 32
c. = 27 —>except whenk =0 | C; =€ ” d-r —

Slide 130 (previous class)

Potential energy of | k —0 term —s cancels the positive jellium

the it" electron due to
~ \ 47ze 'E F_T
all the electrons U(F) = L ik+(F—T})

and the positive |
background: = @
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Potential energy of
the it" electron due to 4 -
all the electrons (r) _ Z ”e 'k°( )

and the positive
background: J¢| @
Force exerted onthe  mMF =mv. =—V.U (F)
i electron: weaker magnetic forces ignored
- 1 - . 1 & 4 F,
=V, :——ViU(ri):——Z Z ﬂez (V,e (0 ’))
acceleration of the ith electron  1*1 k=0 \l
Vi3 i mk

j#1 k0 T | — \ﬁ "
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Due to the symmetrical | the summand on the

distribution of the K RHS for (j=i) is 3

vectors ~ mk
40

2
472'92 (Ik) :6

Hence no need to exclude |=I term .....

=2 __1* ., __1 472'62 .—'iIZ.(*i—fj)
[ =V; = mviu(ri)_ Y kaz (lke )
£0
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L 1 - Adre| & e

r=v. =——VU(lr)=- E E

I I m I (|) Vm = |Z k2
K

acceleration of the it" electron

electron charge
density N

p(F)=> 6(F-r)

i=1

1] d%(?):i [[[d¥rs(r-T)

=1

N

Fourier expansion of charge density

1 e
(l:»):_ ) elk-r - .
P V;Pk | p, |- dimensionless

PCD STITACS Unit 3 Electron Gas in HF & RPA
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| p, |- dimensionless
g [l ot [ o Ste-o) o=
p. = ZN: J‘j‘ d3F 5 F F —ilZ.r

Z e_nz.; O- - = N | <total number
— of electrons

k = 6 <components: density fluctuations over the
average

PCD STITACS Unit 3 Electron Gas in HF & RPA
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) e

1=1
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. S el
from Slide 170: , =V, =— v Z kzpk’e
mv- i
k=0
& — A
N . . AN = [ are? K’ ~ .
. = —iker; - el iK'F; —ikeF;
pe= > (kefi)e _'Z Ke) = Y 2. aree e
I=1 r I=1 r E'¢6

= i
k '#0 175
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" (Kef) e
pa = —iK oF;
Py = — Ker ) € — o
‘ .221: | V. m K
Eq. of 1 47e*|Q KeK' i
motion for — Z Z — ,OE.el(k —K)er
density m T & K Now
fluctuations k'£0 ,
remember
N2 . 1 4rNe?
. > —ik
Pe= =D (k-r,) e — o thatl
i=1 V m i -
2 VPR p—’ = e_l i
_i 47Z-e Z k.k p_} i eI(IZ'—IZ).f; k =
V.om & k®TFE
k'#0 o \/
N2 e 1 4rNe?
o = —ik
Py = — Ke e ' - O
‘ ; ( ') V. m K
Questions: 5 —- =
pcd@physics.iitm.ac.ic . 1 4re Z K ok 0
TACS Uni _ V. m &Z k*°K
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 22

Electron Gas in the Random Phase Approximations
QUANTUM THEORETICAL TREATMENT

Plasma Oscillations in Free Electron Gas

References: ‘The theory of plasma oscillations in metals’
- by S Raimes 1957 Rep. Prog. Phys. 20 1
Also: Chapter 4 in ‘Many Electron Theory’ by Stanley Raimes
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Fourier expansion of charge density N

o1 ik o7
p(f)==> p. e 1 i
vkzi <~ || p, |-dimensionless

pe = ]| drpme™

—ikef; L = <-total b
D = Z g kT Pe_s = N | €total number

of electrons

E -+ 6 <components: density fluctuations over the
average

PCD STITACS Unit 3 Electron Gas in HF & RPA
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Eq. of 1 47e’|Q Kek' C_K)eF
motion for — d Z Z - pE,e'(k k)
density V. m T & K
fluctuations k0
N2 o 1 4xNe? Similar to |
.s = —iKF;
pe= =2, (k-ri) € v m & NI
=1 L Z oK+
147e? « KoK’ N A
* i(K'—K)-F, -
=i bR
V.om & k i=1 D- -
k%0 = K=k
<~
r 1 47Ne’

— 180
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5 LS (ki Vein 1 47z|\|e2

KTV (k) e Quadratic
i=1

Eq. of A6 / terms in

motion for _

density mV IZZ?&E k'2 'Ok' Pr g denSlty

fluctuations 40 fluctuations

y (K K)er
H 7 > X | | .
Phase factors of modulus unity

Sum of vectors, in random directions, in the
complex plane z=x+iy Bohm & Pines aszss
Random Phase Approximation: Neglect
guadratic terms In density fluctuations

compared to the linear terms.
NOTE: “LINEARIZATION"
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2 e 1 4zNe’
) eer

N —
Pi = —Z_ll (k'ﬁ | v m X Random
Fa.0f e Kk Phase
motion Tor hd . .
density - 2 P Pek Approximation
fluctuations Ezg
|RPA “LINEARIZATION”
. N2 o 1 47Ne?
Pe= — Kel) 77 — —=— Py
k ; ( ) l:,’\l,, m k
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. N —~ )2 _ik«F 4 e
Pk npa —Ell (k-ri) e:'/— N P

This term does not have any ‘acceleration’ term.
It has only velocities: due to thermal motion;
it is not due time-independent to e-e interaction

1* term: O(k*) — ignorable — for small values of k

— not ignorable If k would get large beyond some limit.

kK must have an upper limit

RPA + k<k,

Ampe’
m

. O.
Py = — Py = _wpzpk 5\’\
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RPA e \/ m
RPA + k<k_
. Arrpe’ )
'OIZ — pk’ — _a)p o
S.H.O.
oc 2 _ < The Fourier components of
pk T a)p Pk 0 the electron density oscillate at

the plasma frequency.
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. N = = \2 _ik.E 472',[_)92
Pt moA —le (ker) e — P

U 4 m k
S.H.O. [RPA + kSI(C]
oc 2 _ < The Fourier components of
IOk T a)p Pk 0 the electron density oscillate at

the plasma frequency.

Collective osclillations “PLASMONS”
of the electron gas Quantized

~ ‘collective excitations’
“elementary excitations”

[We shall now examine the ‘upper limit’ on k]
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S D S T

=1 i=1

Neglect of 1** term requires: <(IZ ﬁ)2>average < o)
@st have an uppe@

Including for electrons at the Fermi surface

k°v? <« a)pz .......... for all i,

Vi (maX) VFerml

f
)
kv < o, @—p — denoted by k,
Vf

Upper bound to wave number of plasma oscillations
- Lower bound to wave length
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Quantum treatment > H.,w = Ey

Hamiltonian for a bulk electron gas in a
uniform positive background jellium potential

& pt 27t & & PES
o= 2om™ v & & & it
J#I k 20
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4 k2
1=l K Quantum treatment
' k =0 H . E
oV = B’Y
D. Bohm and D. Pines Phys. Rev. 82 625 (1951)
D. Pines and D. Bohm Phys. Rev. 85 338 (1952)

D. Bohm and D. Pines Phys. Rev. 92 609 (1953)
D. Pines Reviews of Modern Physics 28 184 (1956)

S Raimes 1957 Rep. Prog. Phys. 201
The theory of plasma oscillations in metals

Method:[transform the above Hamiltonian]such that plasma
oscillations appear explicitly as solutions of a set of
Hamiltonians for simple harmonic oscillators for various

. @
values of k with k<k ~—L k.
Vi 189
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N 2 N N )
P° 278" & 1 ik(r-n)
Ho= Y0 Y Y 3 et
i= j=L i=l Kk
J#l k=0
Method: transform the above Hamiltonian such that plasma
oscillations appear explicitly as a set of Hamiltonians for

simple harmonic oscillators for various K values,

: . 2 2
with Kk <k ~—P | ., p- 1, - p° 1 5,
< Kooy e =P k=P e
* vy | e S5 T T T
k p° 1
@ =—; k=mao’ > Ngo =——+= 0’0
m L2 '2 |
ka P 1 , T g, p: Hermitian
H, = 5 T 5 @ QkTQk «<— Q,P: Hermitian?

T Hermitian canonically conjugate operators
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Include the =1 j=i terms would
term, anc.l then { o= i i give :
subtract its effect! i1 14141+ +1 = N

N 2 2

p° 2rxe 1 .
H, = Z — + Z — | p- p- —N
=1 2m V E ) k2 ( K K )
k=0
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- 40
I Transformation
PJLPg ;
H. = + a) Q Q.

2
Method: start with a ‘model’ Hamlltonlan 2
4re

1 T T -
UEDY EF>E P.-MPfp.  withM, = %

k(k,

@ NOT Hermitian > PR»T =P, ; QR-Jr =Q

N . N }
Z KT o Z +ikeF _
i=1 i=1

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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4 e’

Lo oy
H =2 EPR. P.-MP."p. i M, = Y% g

y —ik oF;
o pe= "

H,' =2 %(PETPE)T_MK(PETPR)T -

=

t<kc * s ik oF,
t 1. pET:pE:Ze TP
H, :; SRR M P-p. T E T
o P'=P_; P. =P_
T 1 i g IZ space symmetry A
H'=2, EF> P.-MP_.Tp . T T
Kok kZ M\ P P_E:RZ MR o,
1 Kk(kc k (k. )
H'=), > PP, =M P p; = H, H, — Hermitian
E<kc Q, P: NOT Hermitian
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1
H, = “P'P.-M,P.p. i M, = k<k  ~—2
1 1221 7 k ok k' k 7~k k V2 \x
k<k = SPEN K. <The upper limit on k limits the
f total degrees of freedom so that

the total number of degrees

remains fixed at 3N

How — Ew < The wavefunction must be a function
only of the electron coordinates.
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k <k - a)p o kc < The upper limit on k limits the

Max
V; total degrees of freedom so that

the total number of degrees

remains fixed at 3N

H,w = Ey € The wavefunction must be a function
only of the electron coordinates.

- . We must not introduce
v >R funCtlon(Q‘z’ I k<kc) any additional degrees

v —> function(q - electron coordinates) of freedom

a_W:O fOI’k<kC Pkl//:O fOI’k<kC
0 [Q..R.] =ins,,

Subsidiary condition ... vay cecn ol Goniugat
Theory: Eq.4.20, canonical conjugation
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HOW: EW 1 4 e’
_ T T . _
Hl_; EF>E P.-M,P."p. ; M, _,/sz

k(k,

a—"”:O for k <k

, Le. By=0=Hy=0
an C kw 1l//

(H0 + Hl)l// = Ey
Now, we effect a UNITARY TRANSFORMATION of

the Hamiltonian (HO + Hl) |
__Is”r

S:#Z M, Q2 - UTZEh
K; k(k, St = Z MkQETPE
G _. UNITARITY
= > MQ.p, =S _s |
K: k(k, UT:eh :U_
PCD STIiTACS Unit 3 Electron Gas in HF & RPA 196
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§'= Z MlezTPE*
= Z MkQ_gP_g:S

gt
U'=eh
i

Ut =t =U"!

__ah
U =€ K: k(k,
S = ﬂz MkQIZ'OIZ K: k(k,
K: k(K,

Transformation of Q  =U ToUu =Uu"ou

all operators and
the wavefunction
under the unitary
transformation

TEW
l//new_U W_e 4

(%

UtEU -
U_l(QE)U =Q

|

L, Q. p; I INnvariant

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

()0, =
('Oli')new N U_l(pE)U = A since p, = ZN: g
i=1
HOWEVER:

p,, P. : change under the transformation
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5=2 MQ
[P0 ] =—ih8, . =[P, F(F)] =—iA ag ;kr)
[P.Q.] =-ins, . =[R,.F@Q)] _,hﬁg((;k?)
RVl __'h(;%uk @_Uf—ihg—ukwpk

(Pk)new =U" ( |h%+UP j

=P —1aU

k

40U

5Qk ,
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[RU] =-in2-

i
N h@Qy

- i - 199
PCD STIiTACS Unit 3 Electron Gas in HF & RPA Raimes: Many Electron Theory; Eq.4.35, page 77




Transformation of the x component of the
momentum operator for the it electron:

( Pix )new =U _1( pix)U

«_/
_, .. OF(r
[0.G0] =-ihd,, = [p, F(F)] =-in D)
— _ oq,
oU
P ’U — pU_Up = —\h—
[ K ]_ k=" k aqk
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_ .. oU : oU
IX :U ' U ix_li/LZ B _IhU_l
(p )new ( p 6qixj pIX aqix
—_/
.. oU
[pk’U]_ — pkU _Upk :_Ihg_qk

R

/[pix,U]}

(plX)new p'X | _Ih

(pix)new = Pi +U_1[piX’U]
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(pix)new — piX +U_1[piX’U]

T D
) (U since
(pix)new_ piX_IhU ﬂaqlxj [piX,U]_:—iha—U
i -/ S CI.X/
Now : U =e* with S= > MQ.p
K k(k,

f_ N\

O0-
ouU :UL 0S _ult S M.Q o
aq|x h acI|x h k; k(K aqix

(Pi) oy = Py —i7 U{ a_pfj
o
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= e | ]
aqlx aqix J=1
— ie_”z f
aqix
=77 (—ik,,)
(pix)new — piX T QZ MIZQIZ{ e r( Iklx)}
K; k(k,
_ ... Slmilar relations
(pix)new = Pic 1 Z M.Q ke for y and z
K k(e components
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N — N — I M k —ik °ﬁ < Raimes: Many Electron Theory; Eq.4.38, page 78
P; =P 1 o KE
new ' k “k

Similar relations
fory and z
components

i, Q., p, . Invariant under the transformation

HOWEVER, p;, P. : change under the transformation
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Recall the consideration from SLIDE No.195

HoW = EW < The wavefunction must be a function
only of the electron coordinates.

We must not introduce any

Y > fUﬂCtion(QE; if k < kc) additional defgrreeeedsoﬂc

w — function(q:electron coordinates)

— By =0 fork<k,

Q. P.] =ihd,

Subsidiary condition

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 205
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a—"”:o for k <Kk,
0Q,

Subsidiary condition

_______________________________________________________________________

Questions:
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Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 23

Electron Gas in the Random Phase Approximations

Plasma Oscillations in Free Electron Gas

References: ‘The theory of plasma oscillations in metals’
- by S Raimes 1957 Rep. Prog. Phys. 20 1
Also: Chapter 4 in ‘Many Electron Theory’ by Stanley Raimes
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k=0
H. = 1PTP M, P.T
1_; E K 'k ke Pk
Kk, . ?
with M, = 47162
VK

Hamiltonian for a
bulk electron gas
IN a uniform

nositive
packground jellium

potential

ol =1t S
Q,,=U'Qu=U'QU | _an

S = Z M. Q. o,

k; k(k,

i, Q., p, @ Invariant under the transformation

(rji )new = I_ji —1 #Z MIZQIZ lz e—iIZ-Fi

K; k(k,

We now ask: §§=H,,, =U"(H,+H,)U =2

PCD STIiTACS Unit 3 Electron Gas in HF & RPA

(Pk)new — Pk +Mkp12
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Transformationof ¢ -U"'QU =U'QU L

all operators and r U =e”
. -1 —S

the wavefunction v, =U w=e" v

under the unitary

transformation . k;( M, Qo

; K(ke

Subsidiary
conditions

8—l//:O for k <Kk,
0Q,

Pw =0 fork <k,

(R, )nevv v, =0 fork <k
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N op® o1 .
H, = ;;—'mJFEZ M,’ (Pg ,OE—N) _| Ho — Hel +Hb +Hel—b

“° N Electrons + Positive Background

H, Z—PTP M, P p. [1M22ﬂe2}

. Auxiliery Hamiltonian 2 Vk®
(Hy+H, )y =Ey

—

K

#0 k (ke )
Our question: H=H_,, =U"(H,+H,)U =

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 210
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ZEJ“EZ M (2 o =N )+ (EPETPE_MKPETIOE)




v p? 1 : 1
HotHy= D L4230 M2 (o o ~N)+ X (EPETPE—MKPET,OE)
i=1

uéiﬁ /& e T3
T1 T, ourquestion: Hy=U"(H,+H,)U =2

op-
( pix )new - piX + AZ (MEQE aq&]

k; k(k,
(T ) : - .\ .. | Raimes:
1/new Z Z > M,Q. k-(ZF)j+hk)e | Many
, om  2m i
{Z | } < Electron
i — o Theory;
= 2 ~ 7 —ilk+1L)er; ,
1 <M . _Ziy ? ? |\/|lz |\/|z QIZ QZ kel € (K+0)er, Eq.4.48,
_ m = t(kc e | page 79

(T2)new :% Z Mkz(plz*p~—N) <-since p. :Invariant
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N p? o1 . 1
H, +H, = lep—;n+52 M (o o= N)+ ( PP _M,P pkj
" Lll%;tﬁ E<k
T,
1 o[ : : :
T == M. “(p. p- —N <since p- :Invariant
( Z)new 212;%6 k( k 77k ) K
separate the summation Z In two parts: 0,
K; K0 k. =k __ = _P
for (1) k >k_and (2) k <k, Vi
A 1
N
(TZ)neW — |5 Zk: M ('Ok'ok N) + EE;f) M ('OI?'OIZ_N)
H < K>K, | k <k,
S.T. \_ Short range ) long range
212
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k
k=0
yq-1
(TS)new =U {Z
k(k,
g 4

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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(R'R: ) = PP +w+ M P ey

N
T * +|kr T
P = Py —2 =p, & P'=P,

> M (Pepotp P kkM},Ppk Z'V' pk P

k<k, / 1‘ x k <k, L
spherical symmetry of k vectors
ya —~

ka: ME(P—EPE_l_p_EPE):ka ME(PETPE)“LKZKZ MIZ('[;—IZ ij)
=> MR’(PR’TIOE)+Z ME(PEPET)

Hence: k<k, k<k, k

Z M¢ (—k'Ok P _ZZ M; (P* 'Ok)

k<K, k<K
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k
k(K

(TS)new =U~ {

1 . 1
Z (EPETPEJ =U" Z (EPETPE) U

1 i T
Z (EPR P.—M,P. pﬁj}u

k k
| k(ke new | k(ke |

(Dt . 2
P'R) =P P +M(P.p+p P)+M7p p,

Z 1 PETPIZ neW:Z P+Z M i Pto R
(77) Paonr)

k<k. k<k.

2
+Z EME P_ Py

k<k.

2. My (Peptp B ) =23 My (R'p;)

k<K k<K
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(Ts)new Ul{z (%PETPEMkPﬁTPEj}U
E<kc —
lips v 1
I«ch 2(PE I:)E)new_l«ZkC P—kP +k<zk I ( k'Ok 'O—P/)

4

2
+Z EME P_ P

r k<k
we have seen that: > M_ ( kpk+p~P~)=Z I\/Ilz(plszE)
k<k. k<k,
)3 E(PETPE) :Z (Pt 2 MR
k<k, 2 new k<k. k<k,
v

2 *
+Z EME P Py

k<k,

T ()] [Z Cnin) -

k(K. k (ks

PCD STITACS Unit 3 Electron Gas in HF & RPA
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(Mkp‘;plz)new - I\/I‘<(I:)|27L)new'0lz

=M, (P—k T Mkp_k’)pk’
[( M, PETPR’ )new =M, P, o, +M kzp_gpg}

217
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. 1 N T s e
(T3)new =U Z ( R -MRp 'Zj v P\emem‘(-)e(\\
E(kC m\“\)‘é S\g
(MKPQTpk)neW_M Pka_I_M pkpk
= p; Z e” . & B'=P,
; f 2 5" ( T3) nas
(MKPE pE)neW:MkPE P+ M, o pr i"
. T _ T . 2 % =
(MkPIZ plz)new_ MF o =M 7o o, t<k
C

Earlier, we showed that:

1 1
Z E(PETPE)neW:Z EPEP*jLZ M P Pﬁz M < Pk 'Ok

k<k, k<k, k<k, k<k,

218
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— A pi2 1 x 1
= IZl:—m+ER2 Mkz(pk pk—N)+kZ: (—PETPE—I\/IKPET/)E)
k =0 k(k,
T, T, T
3

We had asked:

H=H,,=U"(H,+H,)U ="
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—

ﬁ: HneW: ZN: Z Z |\/|kQ k( —I—hk) ke,

2m  2m 3

k =0

(Tl)new ~
! l = = —i(K+0)er
> Toml 2 X MM QQ kel
:‘ J ||§<kC 0k,
“““ RS L (o
+§#Zq M, (,0lz pE—N) + quq M, (,0lz pE—N) |
(Tz)new e o i
5 k >k, K <K,
_____________________ S DQ_r_t__[E"_‘DQ?______________________JQ_?_Q__[?}DQ_?__________________‘_
-+ — P P+ M. P~ O- + M . P,
(TB)new IKZk: k<zk ‘ k%: <
2> | ;
’ _ P 2 x|
. K K
has t<k """"""""""""""""""""" CD STITACS Unit Electon Gasin Hr & R 220
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o 2m  2m5 ¢
’@®1 k=0
_i 7 7 M. M. Q. Q Kol e—u(lZJé)f,
~ o et b L VR RGN
J k l
N
H 1 N (1
I. 2 * \ 2 *
ST +5 2 ME (A =N [+5 20 M (p p~N)
k; k0 k; k=0
K> kc K < kc
\_ Short range ) long range
lp p S Iy
+2, PR R’EIOEJ“\Z 5 Ve P P
k<k, 2k, k<ke
- ) ‘0.
L e B klZ'OIZ\ZMk'OIZ'OIZ
Hs.r :E_».Z_’ Mk (lok pk_N) k “\\ K
\_ k; k=0 ) PCD STITACS Unit 3 Eiection GasnHF & RPa 221




ik
k=0
1 ~ —  _i(k+0).rT,
The three T o & X ? M. M, Q. Q kel e et
terms shown PRk ik
by the 1
+ H, + = M2 (p. p.—N
arrows 2%25 =N
together k >k, k <Kk,
cancel each /
other. 1 1., .
+Z EP—EPIZ +Z EME Py P
k<k, k<k,
- 57
. (TS)neW _Z Mk 'OIZ 'OIZ
has K K
| | | kike 222
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ﬁ: H = N piz_ '
. Z‘Zm ZmZJ: kz
k%0
1
k(k, ¢
+ H,,

In the next step, we use:
1

Z S PR = Z EPIZTPIZ

1
k<k. 2 k<K,

/

PCD STIiTACS Unit 3 Electron Gas in HF & RPA
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k
k=0
_iy y y M. M Q Q R’.—ée—l(h?)ﬂ
m hd L K ¢ K <7
J k 14
Kk,  ((k

1 — = _i(k+0)eF,
Com Z ZMEMzQﬁsz%eH’
i i

(kg

K
S 4
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2
k

1 > —i(IZJ)-fj
. Z ; M. M. Q. Q, kel
kke (Cke
1 kz! ~i(k+7)
“am kz ; Wi M Qe Qe
SUALS
spherical symmetry of k vectors =
/1 K - ) ik D)
25 5 S wmese e
~ L 4
K0
kke (ke
. K#=/( e
_’ —i=K+£)eT;
_% Z Z M—lz M€ Q—k Qg (_k.é) € J

PCD STITACS Unit 3 Electron Gas in HF & RPA
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)1 K Vo (kA D)er
—%ZJ: Z Z M. M, Q. Q (~k-f) ng—k
Eé(kc §<kc Tr=k R o Are’? M
vi %ﬁ > MM Q,Q ({E 0) g0 W _k
2m 4 i kb ke
k(ke (Cke
/2®m122 M2 Q' Q K h
k{ke
+LZ fg Z MM 0.0 (k) e
2m 4 kb ke

e
Lkl J

PCD STIiTACS Unit 3 Electron Gas in HF & RPA 226




Y #Q 2
Kk 4dre
g (ke M; = =M
VK
1 Kz! Y )
“om2 Z;MkMerQf(—”)e ‘
k(ke (ke spherical symmetry of k vectors
— =
Ny wrarar R
am 2 M & QK K K
kke
1 Kz! - 7\ (kD)
25 ¥ S e we

PCD STiTACS Unit 3 Electron Gas in HF & RPA 227



Questions? ;
Write to: pcd@physics_iitm_ac_in PCD STITACS Unit 3 Electron Gas in HF & RPA 228



Select/Special Topics from
‘Theory of Atomic Collisions and Spectroscopy’

P. C. Deshmukh

Department of Physics
Indian Institute of Technology Madras
Chennai 600036

Unit 3 Lecture Number 24

Electron Gas in the Random Phase Approximations

Plasma Oscillations in Free Electron Gas

References: ‘The theory of plasma oscillations in metals’
- by S Raimes 1957 Rep. Prog. Phys. 20 1
Also: Chapter 4 in ‘Many Electron Theory’ by Stanley Raimes
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kke
+ H,, +H_+K EXACT”
S.r. int
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EZT;Z g/l;lngsEEiectron Theory H sr — E B Z ) M k2 (IOIZ*IOR —N )
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J k0 “‘Random Phase Approximation”
“‘LINEARIZATION”
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Quasi particles
Interacting via
H

S.T.

Arre’
2
Me™ =i

short range
Interaction
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Potential energy of the {IZ —0 terms —> cancel the positive jeIIium]
ith electron due to all
the electrons
and the positive

background:
Total potential 1 1NN 2762 e
energy due to = I (A e W Y Weatadr il
2 i=1 V i=1 k
Coulomb @
interactions of all f f

the electrons
and the positive ~ Sum over all the

background: electrons, 1=1,2,.....N
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Total potential N

N N 2 .
energy due to EZ U(f;):i ) Z 27729 e'k°(ﬁ—fj)
Coulomb 23 V i1 @ K

Interactions of all

the electrons o
and the positive add and subtract j=I terms

background:
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Total potential 1N 1 2 re X
energy due to —Z U(E)Z—Z 5 (,OR» ,OR»—N)
2 =1 V |Z k
K

Coulomb

Interactions of all
the electrons

and the positive
background:

FT of GJC:E = Ak =k

K2 U
“Screened H., =total potential energy due to
Coulomb” SHORT RANGE interactions
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Bohm and Pines:
FURTHER transformation of the Hamiltonian

$H=H,,, can be carried out to account for H. ..
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cre0 VK 7S

Bohm and Pines:
FURTHER transformation of the Hamiltonian

can be carried out to account for H;,..
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Subsidiery condition:
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_______________________________________________________________________

What kind of a system does this Hamiltonian describe?
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Re-arrange the terms:

H=H,, ~ Z %(PETPE+a)p2Q{ Q)

K; k(ke

N p_,2 - 27re
+ §2m+ Ho =2, G N

K; k=0
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Raimes: Many Electron Theory; Eq.4.63, page 82

- N N\ [
B i 1 T s N pi2 27re’
f)_HneW_ _}Z E(P‘Z PIZ —I—a)p le QIZ) + ;%-F HS.,— _E;%a Vk2
K; klke J \ S

Subsidiery condition:

What kind of a system\does this Hamiltonian| describe?

SHO Hamiltonian

1(p_2
m

[ Plasma oscillations]

2,2 ; .
+Ma X j Quasi particles
interacting via H .

H==
2

A constant term that is part of the electron self-energy

which not accounted for in the plasma oscillations.

Long range interaction is accounted for by PLASMONS, and the short

range part that remains is a screened Coulomb interaction.
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“‘Random Phase Approximation” - “‘LINEARIZATION"
K=/l

’\'K‘%‘% 2 M M, (kD) {Z(lek xQe )}
k ¢ ‘ Bohm and Pines
k{ke ke Transformation of the Hamiltonian

Other paths to RPA ......
Equation of Motion method... Rowe (1968)

/
ﬁ\/

Greens function method ...... Thouless (1961)

Diagrammatic perturbation theory .. Questions:
pcd@physics.iitm.ac.ic

Linearized Time Dependent Hartree/Dirac Fock..

HM"""WN‘ ""MHF!I]

Alex Dalgaarno..... Walter Johnson > | *;
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